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Abstract. For a family of bond percolation models on 1? that includes the Fortuin- 
Kasteleyn random cluster model, we consider properties of the "droplet" that re- 
sults, in the percolating regime, from conditioning on the existence of an open dual 
circuit surrounding the origin and enclosing at least (or exactly) a given large area 
A. This droplet is a close surrogate for the one obtained by Dobrushin, Kotecky and 
Shlosman by conditioning the Ising model; it approximates an area-A Wulff shape. 
The local part of the deviation from the Wulff shape (the "local roughness" ) is the 
inward deviation of the droplet boundary from the boundary of its own convex hull; 
the remaining part of the deviation, that of the convex hull of the droplet from the 
Wulff shape, is inherently long-range. We show that the local roughness is described 
by at most the exponent 1/3 predicted by nonrigorous theory; this same prediction 
has been made for a wide class of interfaces in two dimensions. Specifically, the av- 
erage of the local roughness over the droplet surface is shown to be 0(Z^/'^(logZ)^/^) 
in probability, where I = \fA is the linear scale of the droplet. We also bound the 
maximum of the local roughness over the droplet surface and bound the long-range 
part of the deviation from a Wulff shape, and we establish the absense of "bottle- 
necks," which are a form of self-approach by the droplet boundary, down to scale 
logL Finally, if we condition instead on the event that the total area of all large 
droplets inside a finite box exceeds A, we show that with probability near 1 for large 
A, only a single large droplet is present. 



1. Introduction 

Consider an Ising model in a finite box (or other "nice" region) A in 1? at a 
supercritical inverse temperature /?, with minus boundary condition. There is a pos- 
itive magnetization m{(3), and if A is large, the expected and actual fraction of plus 
spins observed in A will each be approximately (1 — m{(3))/2, with high probability. 
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If, however, one conditions on the observed number of plus spins being sufficiently 
greater than the expected number, then, as first explicated by Dobrushin, Kotecky 
and Shlosman the typical configuration contains a single macroscopic droplet of 



the plus phase, that is, a droplet in which the usual proportions of plus and minus 
spins are reversed. Further, the droplet will have a characteristic equilibrium crystal 
shape, the solution of an isoperimetric problem, given by the Wulff construction. If, 
for example, the temperature is such that the usual proportion of plus to minus spins 
is 20/80, and one conditions the fraction of plus spins to be 30%, then the typical 
configuration will show a 20/80 mix except inside a Wulff droplet in which the pro- 
portion is approximately 80/20. This droplet will cover approximately 1/6 of the box 
A, so as to account for nearly all of the excess plus spins. 

This in an example of the general phenomenon of phase separation. The work of 
Dobrushin, Kotecky and Shlosman in |jTl| provides the first rigorous derivation of 
phase separation beginning from a local interaction. 

In the joint construction |12| of the Ising model and the corresponding Fortuin- 
Kasteleyn random cluster model see [l^), abbreviated "FK model," the droplet 
boundary appears as a circuit of open dual bonds. If a particular site, say the origin, 
is inside the droplet, one expects that the outermost open dual circuit Fq containing 
the origin will closely approximate the droplet boundary. Since the Ising droplet has 
approximately a fixed area, we can gain information useful in studying the droplet 
by studying the FK model conditioned to have Fq enclose at least, or exactly, a given 
area A. This is our main aim in this paper. 

Since it is of interest to study phase separation beyond the context of the Ising 
model, we establish our results not just for the FK model but for general percolation 
models having properties known, or reasonably expected, to hold quite widely in the 
percolating regime. These include the FKG property, a special case of the Markov 
property, exponential decay of dual connectivity and certain mixing properties. 

In W^ for very low temperatures, and in |TB[ for all subcritical temperatures. 



bounds are given for the boundary fluctuations of the Ising droplet, that is, for the 
deviation of the boundary of the observed droplet from the boundary of an appro- 
priately translated and rescaled Wulff (that is, equilibrium crystal) shape. Let N 
denote the linear scale of the box. For a droplet also of linear scale A^, the boundary 
fluctuations are shown to be of order at most N^^'^y/logN, and for a droplet of linear 
scale In = N"', with 2/3 < a < 1, the boundary fluctuations are shown to be of 
order less than TV. There is typically never a droplet of linear scale N" for 

< a < 2/3; if the excess number of plusses is of order N^"' with < a < 2/3, then 
these plusses are dispersed throughout the minus phase without the formation of a 
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large droplet. Also, when phase separation does occur, other than the single large 
droplet there are typically no droplets of linear scale greater than log A^. 

Heuristics suggest that the boundary fluctuation bounds of and [0 are not 



sharp. To see what the correct fluctuation size should be, one must reflne the analysis 
by considering three separate types of fluctuations. The flrst type is shrinkage — the 
actual droplet may be smaller than an ideal "full size" Wulff shape large enough 
to account for all excess plus spins, since some of the excess may be dispersed in 
the surrounding minus phase. So one should actually consider fluctuations about a 
shrunken Wulff shape enclosing the same area as the actual droplet. The second 
type is local roughness, deflned as inward deviations of the droplet boundary from the 
boundary of its own convex hull. The third type is long-wave fluctuations, deflned as 
deviations of the convex hull of the droplet from the shrunken Wulff shape. (More 
precise deflnitions will be made below.) 

The local roughness is of particular interest, and is our main focus in this paper, 
because it is subject to the same type of interface-roughness heuristics as a wide 
variety of other dynamic and equilibrium systems, including flrst-passage percola- 
tion [|l^, various deposition models |T^, polymers in random environments ||2^ , 



asymmetric exclusion processes [17] and longest increasing subsequences of random 



permutations P], only the last of which is now well-understood rigorously. For a 
two-dimensional object of linear scale /, these heuristics predict fluctuations of order 
/^/^ and a transverse correlation length of order Z^/^. For the local roughness, this 
transverse correlation length should appear as the typical separation between adja- 
cent extreme points, where the droplet boundary touches the boundary of its convex 
hull (see Section 0.) This is what makes local roughness local — one expects distinct 
inward excursions of the droplet boundary from the convex hull boundary to interact 
only minimally. The main result of this paper is that in the random cluster model 
context, with probability approaching 1 as / — > oo, the average local roughness is 

0(/V3(log/)2/3). 

Results of Dobrushin and Hryniv [|T^ and Hryniv (at very low temperatures) 
strongly suggest that the the fluctuations of the droplet boundary about the shrunken 
Wulff shape should be Gaussian, heuristically resembling roughly a rescaled Brownian 
bridge added radially to the Wulff shape. In particular, the long-wave fluctuations 
should be of order Z^^^. We are only able to bound these by Z^/^(log/)^/^, however, in 
the random cluster model context. 



2. Definitions, Heuristics and Statement of Main Results 



The results in this paper make use of only a few basic properties of the FK or other 
percolation model, so we will state our results for general bond percolation models 
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satisfying these properties. A bond, denoted (xy), is an unordered pair of nearest 
neighbor sites of Z^. When convenient we view bonds as being open hne segments 
in the plane; this should be clear from the context. In particular for /? C M^. B{R) 
denotes the set of all bonds for which the corresponding open line segments are 
contained in R, and when we refer to distances between sets of bonds, we mean 
distances between the corresponding sets of line segments. The exception is for A C 
7?, for which we set B{A) = {{xy) : x,y ^ A}. (Again, this should be clear from the 
context.) For a set V of bonds we let V{V) denote the set of all endpoints of bonds 
in V, and 

dV = {{xy) : X eV{V),y ^V{V)}, V = VUdV. 

We write B{A) for B{A). A bond configuration is an element ui G {0, l}'^*^^^). 

The dual lattice is the translation of the integer lattice by (1/2,1/2); we write x* 
for X + (1/2, 1/2). To each (regular) bond e of the lattice there corresponds a dual 
bond e* which is its perpendicular bisector; the dual bond is defined to be open in 
a configuration uj precisely when the regular bond is closed, and the corresponding 
configuration of dual bonds is denoted uj*. Wc write (Z^)* for {x* : x G Z^}. A 
cluster in a given configuration is a connected component of the graph with site set 
and all open bonds; dual clusters are defined analogously for open dual bonds. 
(In contexts where there is a boundary condition consisting of a configuration on the 
complement for some set V of bonds, a cluster may include bonds in V^.) 
and Cx* denote the regular and dual clusters containing sites x and x*, respectively. 
Given a set T> of bonds, we write T>* for {e* : e G T>}. The set of all endpoints of 
bonds in V* is denoted V*{V) or V*{V*). 

For A C Z^ or A C (Z^)* we define 

dA — {x ^ A : x adjacent to A}, din A — {x E A : x adjacent to A"^} 

where adjacency is in the appropriate lattice Z^ or (Z^)*. 

A (dual) path is a sequence 7 = {xq, {xqXi),Xi, . . . (a;„_ia;„), a;„) of alternating 
(dual) sites and bonds. 7 is self-avoiding if all sites are distinct. We write x ^ y (in 
uj) if there is a path of open bonds (or open dual bonds, if x and y are dual sites) 
from X to y in u). A circuit is a path with Xn — xo which has all bonds distinct and 
which does not "cross itself" (in the obvious sense.) Note we do allow Xi = Xj for 
any i ^ j here, i.e. a circuit may touch itself without crossing. A path or circuit is 
open in a bond configuration uj if all its bonds are open. The exterior of a circuit 
7, denoted Ext (7), is the unique unbounded component of the complement of 7 in 
R^, and the interior Int(7) is the union of the bounded components. An open circuit 
7 is called an exterior circuit in a configuration cj if 7 U Int(7) is maximal among 
all open circuits in uj. (These definitions differ slightly from what is common in the 
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literature.) Similar definitions apply to dual circuits. A site x is surrounded by at 
most one exterior circuit; when this circuit exists we denote it Tx- For u, v points in a 
path or circuit let C'"'^' and (^("'^^ denote the closed and open segments, respectively, 
of ( from M to f (in the direction of positive orientation, for circuits.) | ■ | denotes the 
Euclidean norm for vectors, Euclidean length for curves, cardinality for finite sets, 
and Lebesgue measure for regions in (which one should be clear from the context.) 
Euchdean distance is denoted d{-,-). Define d{A,B) = mi{d{x,y) : x & A,y E b} 
for A,B gM."^ and d{x,A) = d{{x},A). We define the average local roughness of a 
circuit 7 by 

, |Co(T)\Int(T)| 
= laCoh)! • 

where Co(-) denotes the convex hull. The maximum local roughness is 

MLR{-i) = sup{d{x,dCo{-f)) : x G 7}. 

By a bond percolation model we mean a probability measure P on {0,1}^(^'). The 
conditional distributions for the model P are 

p^^p = p(. \uje = pe for all eeV), 

where V C B{7?). We say a bond percolation model P has bounded energy if there 
exists > such that 

(2.1) po < Pil^e = 1 I t^fe, & 7^ e) < 1 — po for all {^bi b 7^ e}. 

From bounded energy and translation invariance imply that there is at most one 
infinite cluster P-a.s. Write uj-d for {ujf, : e G V} and let Qx> denote the a-algebra 
generated by u-n. P has the weak mixing property if for some C, X > 0, for all finite 
sets V, £ with V C S, 



sup{Var(P^,p(cJi, G ■),P£,p'{iUv G ■)) ■ P, P ^ {0, 1}^'} 

x(^V{V),y£V(e'') 

where Var(-, ■) denotes total variation distance between measures. Roughly, the influ- 
ence of the boundary condition on a finite region decays exponentially with distance 
from that region. Equivalently, for some C, A > 0, for all sets T>^T C B{7?), 

(2.2) sup{|P(P I F) - P{E)\ -.EeGv^Fe Gr.P^F) > 0} 
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P has the ratio weak mixing property if for some C, A > 0, for all sets P, JF c B{7?), 

P{E n F) 



(2.3) sup 



P{E)P{F) 



- 1 



■.E egv.F egr.P{E)P{F)>Q 

-X\x-y\ 



e 

whenever the right side of ( p.3|) is less than 1. 

Let Open(P) denote the event that all bonds in T) are open. 



The FK model |]T3| with parameters (p, g), p G [0, 1], g > on a finite V C B{1?) 
is described by a weight attached to each bond configuration uj G {0, l}'^'^-'^^ which is 

ly(cj) =pl"l(l-p)l^l-l"lg^("\ 

where Ic^l denotes the number of open bonds in uj and C{uj) denotes the number of 
open clusters in a;, counted in accordance with the boundary condition, if any; see 



14| for details and further information. For integer q>l the FK model is a random 
cluster representation of the g-state Potts model at inverse temperature (3 given by 
p = 1 — e~^. For the study of phase separation involving more than two species, for 
example in the Potts model, it is useful to be able to "tilt" the distribution with one or 
more external fields before calculating various probabilities, as well as quantities such 
as surface tension and magnetization. For the g-state Potts model with external fields 
hi on species z = 0, 1, . . . , g — 1, we need only consider = Hq > hi > . . . > hq_i 
and then the factor g'^('^) in the weight W{cu) is replaced by 

n (i+(i-p)"^i^i+...+(i-#-^i^i)' 

where C{ll!) is the set of clusters in the configuration u and \C\ denotes the number of 
sites in the cluster C. We call species i viably dominant if hi is maximal, i.e. hi = ho. 
For each species i and for finite A C Z^, corresponding to the species-i boundary 
condition for the Potts model on A there is the i-wired boundary condition on B{A) 
for the FK model, in which sites in A connected to dA are considered a single cluster 
Co and assigned weight 

Given a circuit 7 and a configuration p E {0, l}^'-^^**^'''-*-', conditioning on p and on 
Open(7) induces a boundary condition on ;B(Int(7)) which is a mixture over i of 
the different i-wired boundary conditions. The weight assigned to z-wiring in this 
mixture is proportional to (1 —p^^^^(p')^ where N{p) is the number of sites in 7 plus 
the number of sites in Ext (7) connected to 7 in p. In the absense of external fields, 
i-wiring is the same for all i and the choice of p does not affect the boundary condition 
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induced on ;B(Int(7)), which is a form of Markov property, but if an external field is 
present this property fails. However, the weight assigned to z-wiring in the mixture 
for non-viably-dominant i is exponentially small in I7I, uniformly in p, so for large 7 
the effect of p on the boundary condition is uniformly small. 

Motivated by the preceding, we say a bond percolation model P has the Markov 
property for open circuits if for every circuit 7 (of regular bonds), the bond configu- 
rations inside and outside 7 are independent given the event Open(7). We have seen 
that the FK model has this property if and only if there are no external fields. If P is 
the infinite-volume fc-wired FK model for some viably dominant k, then letting Uint 
and Uext denote the bond configurations inside and outside 7, respectively, we have 
from the preceding discussion for some C,a > 



(2.4) sup 



■ A G ^B(Int(7)), G ^B(Ext(7)) 



P{uJint G A I Open(7)) 
< Ce-°l^l for all 7. 

When (p.4|) holds we say P has the near-Markov property for open circuits. It is easy 
to see that one can interchange the roles of interior and exterior in ( p.4|) . Further, if 
7i,..,7fc are circuits with disjoint interiors, Bi G ^f5(int(7i)), ^ e GB{n,E^t{-,,)), then by 
easy induction on k, 

PiA I Open(7i) n Bi for alH < A;) ^ 1 + Ce-'^l^'l 
^ ■ P{A I Open(7i) for all i < k) " fj^ 1 - Ce^^l^'l 



and 



P{A I Open(7i) for alH < A;) ^ TT 1 + Ce""'^'! 
^ ■ P{A I Open(7i) n Bi for all i < k) " A| 1-Ce-»I^«I' 

An event A C B{1?) is called increasing if u; G A and uj < uj' imply uj' G A. Here 
uj < uj' refers to the natural coordinatewise partial ordering. A bond percolation 
model P has the FKG property if A, B increasing implies P{A Ci B) > P{A)P{B). 

Throughout the paper, ei, 62, . . . , ci, C2, . . . and Ki,K2, . . . are constants which 
depend only on P. We reserve ej for constants which are "sufficiently small," Ki for 
constants which are "sufficiently large," and q for those which fall in neither category. 

Our basic assumptions will be that 

(2.7) P is translation- invariant, invariant under 90° rotation, and has the FKG 
property, bounded energy and exponential decay of dual connectivity, and 
Pa,p has the FKG property for all A, p. 
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When necessary we will also assume weak mixing, ratio weak mixing and/or the 
near-Markov property for open circuits. 

Since P has the FKG property, — logP(0* ^ x*) is a subadditive function of x, 
and therefore the limit 

(2.8) r(x) = lim --logP(0* ^ (ra)*), 

n^oo n 

exists for a; G Q^, provided we take the limit through values of n for which nx ^1? . 
This definition extends to by continuity (see 0); the resulting r is a norm on R^, 
when the dual connectivity decays exponentially (i.e. r(x) is positive for all x 7^ 0, 
or equivalently by lattice symmetry, t{x) is positive for some x 7^ 0; we abbreviate 
this by saying r is positive.) By standard subadditivity results, 

(2.9) P(0* ^ X*) < e-"(^') for all x. 

In the opposite direction, it is known |^ that if r is positive, ratio weak mixing holds 
and some milder assumptions hold then for some ei and Ki, 

(2.10) P(0* ^x*) > ei|x|-^^e-"(^^ for all x ^ 0. 

It follows from the fact that the surface tension r is a norm on 7^2 with axis symmetry 
that, letting Cj denote the ith unit coordinate vector, for = T(ei) we have 

1 r(x) 

(2.11) -^Kr<-^<V2Kr for all X ^ 0. 



V2^ 



X 



For a curve 7 tracing the boundary of a convex region we define the r-length of 7 as 
the line integral 

>V(7) = / t{v.) dx, 

where Vx is the unit forward tangent vector at x and dx is arc length. The Wulff shape 
is the convex set /Ci = /Ci(r) which minimizes Wi^dV) subject to the constraint \V\ = 
1. (We also refer to multiples of /Ci as Wulff shapes, when confusion is unlikely.) The 
Wulff shape actually minimizes W over a much larger class of 7 than just boundaries 
of convex sets (p3[,[|^) but that fact will not concern us here. 

Let dr{-,-) denote r-distance; diam(-) and diamT-(-) denote Euclidean diameter and 
r-diameter, respectively. P(x, r) and Br{x,r) denote the closed Euclidean and r- 
balls, respectively, of radius r about x. We write x + A for the translation of the set 
A by the vector x. dn denotes Hausdorff distance. 

The deviation of a closed curve 7 from the boundary of an aiea-A Wulff shape is 
given by 

A^(7) = infrfH(7,^ + 5(v^/Ci)). 
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As a convention, whenever we refer to the object in a finite class which maximizes 
or minimizes something, we imphcitly assume there is a deterministic algorithm for 
breaking ties. 

Our description of heuristics for the local roughness is nonrigorous, so we permit 
ourselves the following partly vague assumptions: 

(i) The Wulff shape boundary has curvature bounded away from and oo. 

(ii) For a droplet of any linear scale /, there is a characteristic length scale = 
^{l) representing the typical spacing between adjacent extreme points where the 
droplet touches the boundary of its convex hull. 

(iii) On any length scale n < ^ the fiuctuations of the droplet boundary are of order 
^/n. 

Here (iii) is reasonable because within each inward excursion between extreme points, 
the droplet boundary is nearly unconstrained, except by surface tension, (i) is known 
for the Ising case from the exact solution (see 0], ||2^.) Under (i), an arc of d{l)Ci] 



of length n deviates from the corresponding secant line by a distance of order n^//, 
so we call n'^/l the curvature deviation (on scale n.) 

On the characteristic scale ^ the fiuctuations and the curvature deviation should 
be of the same order, that is, 

(2.12) T ^ V^- 

To see this, consider two adjacent extreme points x and y of the droplet boundary 
separated by a distance of order ^. If the curvature deviation ^^// ^ this means 
the boundary between x and y is following the straight segment xy much more closely 
than it follows the arc of d{lKi) from x to ?/, that is, the droplet has an approximate 
facet from x to y. But such facets are isoperimetrically disadvantageous since the 
Wulff shape lacks them under (i), so this is not a probable picture. Therefore we 
expect ^^// < v^. On the other hand, if the curvature deviation ^^// ^ then 
even on length scales n ^ ^ an arc of the Wulff shape boundary looks nearly flat 
compared to the droplet boundary fluctuations, so along such an arc the roughly n/^ 
extreme points appear as a large number of local maxima of the droplet boundary 
above the Wulff shape boundary, all approximately coUinear. This too is an unlikely 
picture, so we expect ^^// > a/^. 

From (|2.12|) we get ^ ~ /^/^, and then from (iii), we expect local roughness of 



order l^^^. The same relation ( p.l2| ) occurs in the assorted systems mentioned in the 
introduction. 

For r > g > 0, an {q,r)-bottleneck in an exterior dual circuit 7 is an ordered pair 
{u, v) of sites in 7 such that there exists a path of length at most q from m to f in 
Int(7), and the segments 7["''"1 and 7I"''"] each have diameter at least r. When r is 
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not very large (as in our main theorem, where r can be of order logZ) the absense of 
(g, r)-bottlenecks reflects a high degree of regularity in the structure of the boundary. 
Our main theorem is the following. 



Theorem 2.1. Let P be a percolation model on i3(Z ) satisfying ( [g. 7{ ), the 



near- 



Markov property for open circuits, and the ratio weak mixing property. There exist 
Ki, ei such that for A > K2 and I = VA, under the measure P{- \ \ Int(ro) | > A) with 
probability approaching 1 as A 00 we have 

(2.13) ALR{To)<Ksl'/H^oglY/', 

(2.14) A^(9Co(^o))<K4/2/='(log/)V^ 

(2.15) MLRiTo) < K5/2/3(iog/)i/3^ 
and, for > r > 15q > Kq log A, 

(2.16) Fq is {q,r) — bottleneck-free. 

It is easy to see that if MLR{'^) and Ayi(9Co(7)) are each a sufficiently small 
fraction of \/~A, then MLR{^) = (ij^ (7, 9 00(7)) and hence 

(2.17) A^(7) < A^(9Co(7)) + MLi?(7). 

(Here "sufficiently small" does not depend on A.) Hence provided A is large, ( |2.14| ) 
and ( p.l5|) imply 

(2.18) A^(ro) < (K, + K,,)l'"\\oglf/\ 



Theorem |7.4| below shows that one may condition on | Int(ro)| = A instead of on 
I Int(ro)| > A in Theorem 

The basic strategy of the proof of Theorem |2.1| is like that of ||^ , [|rT|] and |]rB| : one 
establishes a lower bound for P(| Int(ro)| > A) and upper bounds for the (uncon- 
ditional) probability that |Int(ro)| > A but Fq does not have the desired behavior, 
these upper bounds being much smaller than the lower bound. Both the upper and 
lower bounds involve coarse-graining to create a skeleton (yo, ••, 1/n, Z/o) for Fq, and 
both require showing that the various connections yj ^ yj+i occur approximately 
independently, that is, 

P{yo ^ ••• ^ 1/n ^ yo) 
can be approximated in an appropriate sense by 

3<n 
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and hence by 

(setting Un+i = Vo-) For the lower bound this is a straightforward apphcation of the 
FKG inequahty, but for the upper bound the mixing properties estabhshed in Section 
^ are needed, and our methods must handle "pathological" forms of Tq having many 
near-self-intersections. The difficulties are of two types. First, near- independence 
generally requires large spatial separation, or, under the near-Markov property, sep- 
aration by a circuit of open bonds, neither of which need be present in our context. 
Second, direct application of standard mixing properties such as weak mixing re- 
quires specifying in advance some deterministic spatially separated regions on which 
the near-independent events will occur, but in our context one does not know a priori 
where the paths yj ^ Uj+i may go. This is where Lemma |3.2| below is important. 

We consider now the special case of the FK model on B{7?). For each (p, q) there 
is a value p* dual to p at level q given by 

p* q{l — p) ' 

the dual configuration to the infinite-volume wired-boundary FK model at {p, q) is 
the infinite-volume free-boundary FK model at {p*,q) (see [|14|-) The model has a 
percolation critical point Pc{q) which for q = l,q = 2 and q > 25.72 is known to 
coincide with the self-dual point Psdig) = v^/(l + v^) HH; positivity of r is known 
to hold for p > Psdig) for these same values of q. For 2 < q < 25.72, it is known 
that positivity of r holds for p > Psd{<l ~ l)*? where the * refers to duality at level q 
0. The FK model without external field has the Markov property for open circuits; 
assuming positivity of r it satisfies ( p.7| ) (see |jT^) and has the ratio weak mixing 
property 0]. In a forthcoming paper we will show that positivity of r also implies 
ratio weak mixing for the FK model with external fields. For now, we can conclude 



the following from Theorem 2.1 



Theorem 2.2. Let P he the FK model at {p, q) on B(Z^) with q > 1 (without external 
fields) and suppose the surface tension r is positive. There exists K2 such that for 
A > K2 and I = VA, under the measure P{- \ |Int(ro)| > A) with probability 
approaching 1 as A ^ 00, ^2.13[) - (\2.1dJ hold. 



Following |jT6| we call a dual circuit 7 r-large if diamT-(7) > r and r-small if 
diamT-(7) < r. 

When r is positive, in the box A^r = [—N, A^]^ the largest open dual circuit typically 
has diameter of order logA^. Let Cat denote the collection of all (i^' log A^)-large 
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exterior open dual circuits contained in Ajv; here and throughout this section, K 
is a fixed "sufficiently large" constant. To avoid any ambiguity, we impose a wired 
boundary condition on A^. Rather than conditioning on | Int(ro)| > A as in Theorem 
it is sometimes of interest to condition on the event 

E iint(7)i>^- 

In particular, it is natural to ask whether under such conditioning one has |£Ar| = 1 
with high probability. The alternative most difficult to rule out, as suggested by 



the form of the error term in Theorem ^^1], is the presence of one or more "small" 



(ii" log A^)-large open dual circuits, of diameter of order Z^/^(log/)^/^ or less, outside 
a single large open dual circuit enclosing nearly area A. In the context of phase 
separation in the Ising model, single-droplet theorems have been proved in [|ll|] and 



16| . However, the method there for ruling out "small" (ii'logiV)-large droplets uses 
not purely surface tension but rather an argument that it is energentically preferable 
to dissolve such "small" droplets by spreading the spins they contain throughout the 
bulk of the system, which is allowed because there is no constraint on the total volume 
contained in (i^'log A^)-large droplets. Thus what we seek here is different, essentially 
a single-droplet theorem based purely on surface tension considerations. Let Pn,w 
denote the measure P conditioned on all bonds outside Int(AAr) being open, that is, 
the measure under a wired boundary condition on ;B(Int(A7v)). 



Theorem 2.3. Let P be a percolation model on B{1?) satisfying % ), the near- 
Markov property for open circuits, and the ratio weak mixing property. There exist 
Si, Ki such that for N > 1, KY{\ogNy < A < C2N'^ and I = VA, under the measure 
Pn,w{- I Xl^gc^ 1 1^^(7)1 — '"^^^^ probability approaching 1 (uniformly in A) as 
N ^ 00 we have 

(2.19) = 1, 

and, for the unique open dual circuit 7 in (En, 

(2.20) ALR{-f) < Ksl^/^ {log If 

(2.21) MLR{-i) < K^f'^iXoglf'^, 

(2.22) Aa(5 Co(7)) < Kil'''^{\og if'^ 
and, for t^A >r> 15q > Kg log A, 

(2.23) 7 is {q,r) — bottleneck-free. 
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Here is any constant less than 

sup{c> : Vc/Ci C [-1,1]^}, 
and Ks, K4 are from Theorem \2. 1\ . 

As noted after Theorem the FK model satisfies the assumptions of Theorem 
^73| , provided that r is positive. 

3. Preliminaries — Coarse Graining and Mixing Properties 

We first define our coarse-graining concepts. Our definition of the s-hull skeleton 
follows with some added refinements. For a contour 7 let denote the set of 
extreme points of Co(7) and let jco '■ [0, 1] — be a curve which traces dCo{'y) in 
the direction of positive orientation, beginning at the leftmost lattice site Uq having 
minimal second coordinate. When confusion is unlikely we also use 7co to denote the 
image of this curve. Note that 

uoeE^c 7con7n (Z^)*. 

To define the s-hull skeleton we require that the r-diameter of 7 be at least 2s. We 
traverse 7 in the direction of positive orientation, beginning at, say, the leftmost 
lattice site Uq having minimal second coordinate. Given UQ,..,Uj G E^, go forward 
from Uj along •jco until either uq or dBr{uj, s) is reached, at some point ^+1. Then 
backtrack along 7co until a point of Ej is reached (possibly Wj+i, meaning we backtrack 
zero distance.) If this backtracking does not require going all the way back to Uj, 
then this new point of Ej is labeled Wj+i. If instead the backtracking does require 
going all the way back to uj, then from u'j_^_i continue forward along 7co, necessarily 
in a straight line, to the next point of E^, which is then labeled "Uj+i. Stop the 
process when Um+i = uq for some m. The s-hull pre-skeleton is then (mq, .., Wm+i)- 
(A similar definition, under the name "s-hull skeleton," may be found in |I|.) The 
sites Mo, ..,Um+i are sites of E^ which appear in order in jco (and in 7.) Therefore 
Co({mo, .., Mm+i}) is a convex polygon bounded by the polygonal path uq ^ .. ^ 

Um+l- Now 

m 

W(7co) > ^r(Mj+i - Uj), 

j=0 

and as noted in we have 

r(Mj+2 — Uj) > s for all < j < m — 2. 

Therefore 



(3.1) 



m < 1 + 2>V(7co)/s. 
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To obtain the s-huU skeleton we refine the s-hull pre-skeleton. This is necessary 
because if 7co has a sharp corner, then the polygonal path uq ^ ■■ ^ Um+i may chp 
this corner excessively, meaning part of 7 may be too far outside the polygon for our 
needs. We must add vertices so that, whenever possible, the angular change between 
successive segments of the polygonal path does not exceed s/diam(7), which is of the 
order of the angular change we would obtain if 7 were a circle. By convexity, for each 
X G 7co there exists a forward tangent vector and a corresponding forward tangent 
line; for ?/ 7^ x G 7co let a{x,y) denote the angle measured counterclockwise from Vx 
to Vy. Fix < j < m and let Ujo = Uj. Note that a{uj, ■) is a nondecreasing function 

as one traces 7co from Uj to Uj+i. Having defined Ujo, ..,Ujk E n 7l;o^~^'"^^^^, let 
Uj^k+i be the first point of 7co after Uj^k for which a{uj^k,Uj,k+i) > s/ diam^. If there 
is no such point, then set Uj^k+i = Uj+i and stop the process. Necessarily Uj^k+i is a 
lattice site in E^. 

We call the sites Ujk strictly between Uj and Uj+i refinement sites. Let {wq, ..,Wn, 
Wn+i) be a relabeling of all sites Ujk, < j < m,k > 1, in order on 7co, with 
wq = Wn+i = uq] we call {wq, ..,Wn,Wn+i) the s-hull skeleton of 7 and denote it 
HSkels(7). The polygonal path wq ^ .. ^ Wn+i is denoted HPaths(7). It is easy to 
see that the angle between Ujk — Uj±-i and Uj^k+2 — Ujk cannot be less than s/ diam(7), 
for A; > 1. It follows that the number of refinement sites satisfies 

n — m < 4'7rdiam(7) / s 

With this shows that the number of sites in the s-hull skeleton satisfies 

(3.2) n + 1 < /s:iodiam(7)/s. 

As with the pre-skeleton, the sites Wq, appear in order in 7 and in 7co, and 

Co({wo, ..,Wn+i}) is a convex polygon bounded by HPaths(7). 

A key property of the s-hull skeleton involves the extent to which 7 can go out- 
side Co({iuo, .., ifn+i})- Let Tj denote the triangle formed by the segment WjWj+i, 
the forward tangent line at Wj and the backward tangent line at w^+i. The angle 
between these two tangent lines is at most s/ diam(7). Now every point of 7 outside 
Co({wo, ..,Wn+i}) is in some T^, and 7™ n T,- C 7K'«'j+i]. Let 

J = {i <n : riwj+i — Wj) < 2s}. 

For distinct points x, y G let H^y {H^y) denote the open (closed) halfspace which 
is to the right of the line from x to y. From the construction of the s-hull pre- 
skeleton, if 7("j'"j+i) ^ Br{uj, s) for some j, then 7 fl Hu^uj+i = 4>- It follows that if 
r(wj_|_i — Wj) > 2s for some j, then Wj and Wj+i are sites of the s-hull pre-skeleton 
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and 7 fl H^j^wj+i = 4>- Thus we have 

(3.3) Int(7)\Int(HPath,(7)) C Uj^jTj. 
For j G J we have \Tj\ < Kns^ /diaml'-f) and 

Int(HPaths(7))) < -ft'i2S^/diam(7) for all x G Tj. 
With this shows that 

(3.4) I Int(7)\Int(HPath,(7))| < K.^s^ 
and 

(3.5) sup rf(x,Int(HPath,(7))) < iri2sVdiam(7). 

a;eCo(7) 

From (|3.5|) and convexity it follows that 

(3.6) >V(7co) < W(HPath,(7)) + Ki^s^ diam(7). 

We turn now to mixing properties. The following is an immediate consequence of 
the definition of ratio weak mixing. 

Lemma 3.1. (^) Suppose P has the ratio weak mixing property. There exists a 
constant Ki^ as follows. Suppose r > 3 and V,S C with diam(£^) < r and 
d{V, S) > Ki^ logr. Then for all A & Q-p and B & Qg, we have 

]^P{A)P{B) < P{A nB)< 2P{A)P{B). 

A weakness of Lemma is that the locations V, £ of the two events must be 
deterministic. The next lemma applies only to a limited class of events but allows the 
locations to be partially random. For C d T) C B{7?) we say an event A C {0, 1}^ 
occurs on C (or on C*) in a; G {0, 1}-'' if a;' G A for every uj' G {0, l}-'^ satisfying 
uj'^ = ujf, for all e G C. For a possibly random set T{uj) we say A occurs only on T 
(or equivalently, on JF*) if G A implies A occurs on Tiuj) in lo. We say events A 
and B occur at separation r in if there exist C,S G V with d{C, S) > r such that 
A occurs on C and B occurs on S in u. Let A B denote the event that A and B 
occur at separation r. Let = {e E B{1?) : d{e,V) < r}. 

In the next lemma we give two alternate hypotheses, in the interest of wider appli- 
cability, though either hypothesis alone suffices for our purposes in this paper. 

Lemma 3.2. Assume l\2. Tf j and either (i) the ratio weak mixing property or (ii) both 
the weak mixing property and the near-Markov property for open circuits. There exist 
constants Ki,ei as follows. Let V C B{Z'^),x* G (Z^)* and r > i^'ig log l^l, and let 
A, B be events such that A occurs only on C^* and B E Qv- Then 

(3.7) P{A o, B)<{1 + Kne~''^')P{A)P{B). 
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Proof. First suppose P has the ratio weak mixing property. For y* G V*{T>'^), let 
= B{y*,r /12), 5|* = n (Z2)* and py* = P{y*,r/6), P{ = py* H {I?)*. 
Define events 

Gy* = [y* ^ dinP^ by an open dual path], 
Zy* = [A and P occur at separation r on B{P^ Y], 

Q = ^y*I^V*iV*){Zy* n Gy*). 

Then by (P), 

(3.8) P{Gy*) < K^se-''\ 

Let C and A be as in (p.2|) . Then for some Kj, depending on C, A, provided Kiq is 
chosen large enough 

(3.9) P{{Ao,P)nQ) 

< P{Zy*)P{Gy*\Zy.) 

< Yl PiZy*){P{Gy*) + K,,r'e-^n 

< K2or^\V\P{A o, 5)(ifi8e-^«'- + K,,r^e-'n 

< K2ie-''''PiA o^P). 

Therefore 

(3.10) P{A o, 5) < (1 - K2ie-'>'''T^P{{A o, P) n Q"). 

Suppose uj E {A P) n Q'^, and consider C,S with C* C Cx*{uj), £ C V and 
d{C,S) > r for which A occurs on C* and 5 occurs on S in cj. If r/2 < d{y*,C) < 
r/2 + 1 for some ?/* G \/*(D''), then ^ Cx*{u) since u ^ Zy* n Gy*. Therefore 
C^*{uj) C and hence d{S,C^*{uj)) > r/2. For C B{Z'^) let 5^,^ be the event 
that P occurs on some set £^ C with d{S,J-') > r/2. We call JF A-sufficient if 
Ue = for all e G implies uj E A. Let 21 denote the set of all finite ^-sufficient 
subsets of S(Z2). Since the event [C^* = J^*] occurs on B{V{J^)) for all C B{Z'^), 
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we have by ratio weak mixing 
(3.11) P{{Ao,B)nQ') 



r I 



< J](l + K22\V\e-'nP{C,* = T*)P{B:F^r) 

< {1 + K23e-'''')P{A)P{B). 



Combining ( p.lO| ) and ( |3.11| ) proves (|3.7]), provided Ki^ is sufficiently large. 



Under hypothesis (ii) of weak mixing and the near-Markov property for open cir- 
cuits, the proof through the ffist inequality of ( p.ll| ) is still valid, but we need to 



modify the rest of ( CT ) as follows. Fix e 21 and let F = [C^. = T*], V = V\T' 
A = {e & B{1?) : r/6 < d{e,V') < r/3}. Let £ be the set of all circuits (of regular 
bonds) in A which surround T>' and let 0_a be the event that some circuit a G C is 
open; for u G there is a unique outermost open circuit in which we denote 
r = r(w). Note that 

(3.12) C Uy*(zV*{A) Gy", 

(3.13) \a\>r for all a G 
and 

(3.14) [r = a] = Open(a) fl Ga for some event Ga G ^B(Ext(a))- 
Let 

= P(r = a), pFa = P{r = a\ F), pFBa = P{r = a \ F H Br,r). 

By weak mixing we have for 5 = -^'246"'^"'': 

(3.15) ^ \pFa -Pa\ <5, ^ \pFBa - Pa\ < 5. 

Define the set of "good" circuits 

m = {ae(t:pFa< Pa{l + v^)} 

and let 
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From ( p.l3| ), (|3.14]) and the near-Markov property for open circuits, if r is sufficiently 
large we obtain 

(3.16) P{Br,r I F n [r = a]) < (1 + 5')P{B^^r | T = a), 

where 5' = 3Ce^'^^ < 1 for C, a as in (U). 

We need to bound P{F fl Bj^ j.). To do this, we decompose F fl Byr ^. into 3 pieces 
by intersecting it with [F G [F G and (the latter meaning there is no F.) 

We then show that the first piece is approximately bounded by P{F)P{Byr,.)^ and 
the other two pieces are negligible relative to the size of the full event. Specifically, 
from (p.l6|) , 

P{FnB^,rn[T em]) 

= Y,PFc.P{F)P{Br,r I F n [F = «]) 



(3.17) 



<(1 + 



v^)(l + 5')P{F) Y,Vc.P{Br,r I F = a) 



< {l + 2V~5 + 5')P{F)P{Br,r)- 
Next, one application of (|3.15|) yields 

E{h{V)lo_,)= J2 h{a)p^<S; 

this and a second application of (|3.15|) , with Markov's inequality, yield 

(3.18) P(Fnfi^,, n [F G €\!H]) 

= P{F n B^^r)P{HT) >V6\Fn Br,r) 

< P{F n B:p^r){P{h{T) > 75) + 5) 

< P(Fn5^,,)(v^ + 5). 
Finally, similarly to ( p.9|) we have using (|3.12|) 

(3.19) P(F n 5^,, n O^) < P{FnBr,r^Gy,) 

<5"P{FnBr,r), 
where 5" = i^25e"'i^^ Combining (|3T7|) , (|3l8|) and ( CT) we obtain 

(3.20) P{F n B^^r) <{l-6-V6- 5")-^P{F n Br,r n [F G 91]) 

<{l + K2^e-''nP{F)P{Br,r). 
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Summing over T yields 

n\C.' = -^1 n 5^,.) < (1 + if26e-^»0P(A)P(5) 

which substitutes for (|3.11|) . □ 

4. Lower Bounds for Open Dual Circuit Probabilities 

In this section we prove the following result. 

Theorem 4.1. Let P be a percolation model on B{1?) satisfying ( ^. 7{ ), the near- 
Markov property for open circuits, positivity of r and the ratio weak mixing property. 
There exist Ki such that for A > K27 and I = ^/A, 

P(|Int(ro)| > A)>expi-wiVA-K2sf/%logiy/'). 

The size of the error term i^r28^^^'^(log/)^/'^ in Theorem |4.1| is important because it 
determines what "bad" behaviors can be ruled out as unlikely — in particular, those 
which have probability at most exp(— wi/ — c/^''^(log Z)^''^)) for some c > K2s- Though 
our error term is likely not optimal — according to [|15] the optimal error term may 
be of order log/ — it is enough of an improvement over the corresponding results in 



11 1 and |16] to enable us to establish an apparently near-optimal bound on the local 



roughness. 

The proof of our Theorem [4.1| relies on the following result, the halfspace version 
of (O). 

Theorem 4.2. (^) Let P be a percolation model on B{1?) satisfying T{ ), positivity 
of T and the ratio weak mixing property. There exist ei4, such that for all x 7^ 
?/ G and all dual sites u,v E H^y, 

P{u ^ V via an open dual path in H^y) > -j — j^^e"^^"""-* 

Proof of Theorem |^.4 Let s = P^^(\oglY^^ and S = with K^q to be specified. 

Let (j/o, .., yn, yo) be the s-huU skeleton of d{l + 5)/Ci. For each i let y'^ be a dual site 
with y'- e Hy^_^y^nHy^y^^^ niid ly'i-yil < 2a/2. By (ISTsD , provided K30 is large enough 
we have 



Co{{yo,..,yn}) D IJCi and hence | Co({|/o, ••, > ^• 



Further, 



(4.1) - Vj) < W(a(/ + 5)/Ci) + 4vn < wil + K:,^l"\\oglf"' 

j=0 
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(with Un+i = Ho.) Therefore using the FKG property, Theorem ^]2|, ( [4.1| ) and ( |3.2| ), 
(4.2) P(|Int(ro)| >A)> P{To encloses Co({2/o, 

> P{y'j ^ y'j^^ via a path in Hy^y.^^ for all j < n) 

n 

- n ^^y'j ^ y'i+^ ^ p^^^ ^%%+i) 

j=0 

s(^)""-p(-E^fe;«-^;) 

>exp(-t/7iZ -7^32/'/' (log 

□ 



5. Upper Bounds for Open Dual Circuit Probabilities 

We need to develop a method of cutting a dual circuit across a bottleneck, modifying 
the bond configuration to create two dual circuits. The cutting procedure is simplified 
if the bottleneck is clean, in the following sense. The canonical path from dual site 
u = (xi,?/i) to dual site v = (x2,?/2) is the path, denoted C™, which goes horizontally 
from {xi,yi) to {x2,yi), then vertically to {x2,y2)- We call a bottleneck {u,v) clean 
if Cuv C Int(7) (except for the endpoints u,v.) The next lemma will enable us to 
restrict our cutting to clean bottlenecks. 

Lemma 5.1. // a dual circuit 7 contains a {q,r) -bottleneck for some r > 3q > 0, 
then 7 contains a clean {q,r/ 3) -bottleneck. 

Proof. Suppose 7 contains a (g, r)-bottleneck {u,v). We have two disjoint paths 
from u to v: 'j^'^''"'^ and 7!'''"] (traversed backwards.) Each of these may intersect 
(uv a number of times. Accordingly, (^^ contains a finite sequence of sites u = 
Xo,Xi, ..,Xm = V such that the segment Ci of between and Xi satisfies Q C 
Int(7) for alH G / and Q C Ext (7) U 7 for all i ^ I, where / consists either of all odd 
i or of all even i. For z e J, we call the segment of (uv with endpoints Xi^i and Xi an 
interior gap. Let ip he a dual path from m to f in Int(7) with < q. We can extend 
ip to a doubly infinite path by adding on (possibly non-lattice) paths ipi from v 
to 00 and ip2 from 00 to u, both in Ext (7). The path ip^^ divides the plane into two 
regions, D 7^''''"] to the left of ip'^ and Aji D ji'^M to the right. Replacing tp with 
(uv in the definition of ip~^, we obtain another doubly infinite path The path 
is not necessarily self- avoiding, but M^\C^ has exactly two unbounded components 
Bl and Br, to the left and right of respectively. Since diam{(uv) < there 
exist sites Zi G 'j^^''"'^ and Z2 G 7['"'"1 for which d{zjXuv) > {r — q) /2 > q (j = 1,2) 
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and hence Zi G Br, zi G Bj^. Let ^ be a (possibly non-lattice) path from z\ to z^ in 
Int(7). Then Q must intersect and hence must intersect C^^,, necessarily in some 
interior gap. Thus every Q from z\ to Z2 in lnt(7) must cross at least one interior gap, 
so there exists an interior gap Q which separates z\ and 2:2, that is, exactly one of 
^1, Z2 is in It follows that (xj.i, is a clean (g', (r — g)/2)-bottleneck. Since 

(r — q)/2> r/3, the proof is complete. □ 

Define ^ x + [-1/2, 1/2]^ and i?+ = x + [-1, if. Let Qi(m, v) = U^^ec^.-Rx and 
Q2{u,v) = Uj;ec„^-R+ . Note that 

|9Q2(^i,^^)| <4g + 8. 

Let Ji(it, t;), J2(tt, v),... be an enumeration of the subsets of dQ2{u, v). We say a clean 
(g, r)-bottleneck {u^v) in a dual circuit 7 is of t?/j)e ?7 if the set of bonds in dQ2{u,v) 
which are contained (except possibly for endpoints) in lnt(7) is precisely J^(-u, f). 

We assume we have a fixed but arbitrary algorithm for choosing a particular {q, r)- 
bottleneck, which we then call primary, from any circuit containing one or more {q, r)- 
bottlenecks. When a configuration u includes an exterior dual circuit 7 for which 
{u, v) is a primary (g, r)-bottleneck of type 77, we can apply a procedure, which we 
term bottleneck surgery (on 7, at {u, v)) to create a new configuration denoted Yuvr^ii^)- 
Bottleneck surgery consists of replacing the configuration uj with the configuration 
given by 

{1, ii e e dQi{u,v); 
0, a e* e Jr,{u,v); 
uje, otherwise, 

for each bond e. The configuration l^„^(a;) then contains two or more disjoint open 
dual circuits a^, each consisting of some dual bonds of 7 and some dual bonds of 
Jri{u, v), with no open dual path connecting to aj for i ^ j, and with 

(5.2) Ui Int(ai) = Int(7)\g2(«, v). 
Further, 

(5.3) \Q2{u,v)\+ |Int(aOI <^33r', 

i:ai(Kr r/3)— small 

and, since 7 is exterior, there is no open dual path connecting to aj for i ^ j. We 
call each ctj an {q,r)- offspring or an [q^r)- descendant of 7. A (g, r) -offspring of an 
(g, r)-descendant is also an (g, r)-descendant, iteratively. We may perform bottleneck 
surgery on each (g, r)-offspring of 7 which contains a clean (g, r)-bottleneck, and 
iterate this process until no descendant of 7 contains such a clean (g, r)-bottleneck 
(necessarily after a finite number of surgeries.) The bottleneck-free (g, r)-descendants 
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are called final {q,r)- descendants. Among final (g, r)-descendants, the one enclosing 
maximal area is called the maximal [q, r)-descendant of 7 and denoted amax,7- The set 
of all (fi;,-?'/3)-large final (g, r)-descendants of 7 is denoted d(q,r){'y)', the non-maximal 
among these form the set d[gr)i'y) ~ i?(g,r')(7)\{«max,7}- Note that since 7 is exterior, 
so is each offspring of 7. 

It is useful to note the following general fact about norms on M^, which can be 
verified by a simple geometric argument. Let C be a convex set; then 



(5.4) 
Define 

and 



W{dC) < 6diam,(C). 



u{c, A) = max(wiA^/2 - cA^^^, 0) 



D{q,r)il) = Yl diam^(a), D[g^r)il) = Yl diam^(a). 

ae5'(g,r)(7) aey(^,,j(7) 

The following lemma is related to ( p.4| ). 

Lemma 5.2. Let 'j be a circuit, let A = \ Int(7)|, and let q > l,r > 15g. Then 



(5.5) 



Proof. We may assume 7 contains a clean (g, r)-bottleneck {u, v), for otherwise (|53| ) 
is immediate from ( [5.4| ). We have 

q + 2V2 < -r. 
~ 4 

Let 5" denote the union of Q2{u,v) and all (K^r/3)-small offspring of 7, and let 

R = {zeR'^ : dr{z, Q2{u, v)) < Krr/3}. 

Then 

2V2r 



S C R, diam(i?) <q + 2^2 



and 
(5.6) 



\R\ < 



zeR^ : d{z,Q2iu,v)) < 



V2r 



Note that the set {ai,a2,...} of (fi;T-r/3)-large offspring of 7 can be divided into 
two disjoint classes: right offspring, which intersect 7["'^1, and left offspring, which 
intersect 7[^'"1. Also, every point of 7 is either in a left offspring, in a right offspring. 
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or in S. The diameter of Q2{u, v) is at most q + 2^2 < r/Q^ while the diameters of 
7 and are at least r, so the right and left classes each include at least one 
(5fi;^r/6v^)-large offspring,. Further, if 

(5.7) L'(<;,r)(7) > diam^(7) 

then ( ^.5|) follows from (|5.4| ). Let w and x be sites of 7 with d^-lw, x) = diamT-(7). At 
least one of these points is not in Q2{u, v), so we may assume w is in some There 
are now four possibilities. First, if also x E ai, then ( ^.7|) holds. Second, if instead 
X G S", then there exists a (5KT-r/6-\/2)-large offspring aj 7^ a^, and we have 

D{q^r){.l) > diamT-(aj) + diam^(aj) 

> diam.(7) - V2Kr{q + 2^2) - ^ + ^ 

> diamT-(7) 

and again ( |5.7| ) holds. Third, suppose x G for some k ^ i and there exists a third 
(KT-r/3)-large offspring ai with I ^ i,k. Let dm = diamT-(am)- Then 

di + dk > diamT-(7) — \/2K,r{(l + 2V2) > diam^(7) — di 



so once more, ( |5.7|) holds. 

The fourth possibility is that x E at for some k ^ i and ai, at are the only 
(fi;T-'^/3)-large offspring; each is necessarily actually (5fi;T-r/6-\/2)-large. From (|5.4|) we 
have 
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A<\R\ + \ Int(ai)| + | Int(afc)| < + —{d] + dl). 

Using this and the fact that Wi < Ak^ (since the unit square encloses unit area) we 
obtain 

'^A<\Ky + d^ + dl<2ddu + d^ + dl. 
Taking square roots yields (^.51). □ 

For > define the events 
M,(A;,g,r,A,A',d',t) = [|^?'(,,,)(ro)| = A;] n [|Int(ro)| = A] n [| Int(a^,.,ro)| = ^1 

n [/^'(,,,,)(ro) G [d',d' + 1)] n [w(9Co(a^ax,ro)) > A- 

We first consider = 0, which means Q;max,7 = 7 and D(^q^r){,l) = 0; larger values will 
be handled later by induction. 
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Proposition 5.3. Assume ( \2. Tj j and either (i) the ratio weak mixing property or (ii) 
both the weak mixing property and the near-Markov property for open circuits. Then 
there exist constants ei,Ki as follows. Let A > > 0,t = Wi\/~A + 1^ > 2, and 
eiQt > r > 15q > K34\ogt. Then 

(5.8) P{Mo{0,q,r,A,A,0,t)) < e-«(^35r2/3,A)-ii+_ 



Proof. From the definition of wi we may assume t+ > 0. It follows easily from (|2.9| ) 
that for some K^q, 

(5.9) P(diam,(ro) >t)< Kset^e-' < e-(^37r2/3,A)-t+ 
so by ( [5.4| ) it suffices to consider 

Mo(g,r, A,t) = Mo(0,g,r, A, A,0,t) H [t/Q < diam^(ro) < t]. 

Suppose uj G MQ{q,r, A,t). Fix a > to be specified, let s = cd^l'^r^l'^ and suppose 
HSkel,(ro) = (?/o,..,w)- By (O' 

(5.10) m<Kj,^a-H^l^r-^l^. 

Let Bi = B{yi, 4r) fl (Z^)*. Let I = {i < m : — yi\ > 8r}. For each i E I there is 
a segment rj,"'^''''' C r|f''^'+^' entirely outside BiUBi^i, with Wi G dBi and Xi G dBi^i. 
We next show that 

(5.11) c/(r!,"""'l, r!r^'"^l) > g/2 for all i ^ 3 in L 

If not, there exist u G Y^q"'^"\ v G rjj"^'^^^ and a dual path t/^ from m to f in Co(ro) 
with \ip\ < q. Let a be the last site of ip in r|f*'^'^^^, and b the first site of ip after a 
which is in some seer ment r!f'='^'=+'' with k ^ i. Since all sites yi are extreme points, we 
must have t/j^"'^) c Int(ro). We claim that (a, 6) is a (g, 3r)-bottleneck. By Lemma 
5ri]this is a contradiction, so our claim will establish (|5.11| ). Suppose i < k; the proof 
if i > is similar. We have ip C B{u, q) and u ^ so fl B{yi^i, 3r + 1) = 0. 

Therefore Fq"'''^ contains a segment in B{Bi^i) which includes and has diameter 
at least 3r. Similarly since v ^ Bi, Fq '"^ contains a segment in B{Bi) which includes 
yi and has diameter at least Sr. This proves the claim and thus (|5.11|) . 
From (|3.6|) and (B.IOI) we have 



(5.12) V r(x, - Wi) > W(HPath,(Fo)) - Ksgmr 



> >V(9Co(Fo)) - K^oaH^^^r'^/^ - K^^mr 
>t-K,Aa^ + a-')t'/'r^/\ 
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Equation ( p.l2| ) shows that it is optimal to take a of order 1 in our choice of s, so we 
now set a = 1. 

For Wi G d{Bi n Z^) and Xi G d{Bi^i fl 7?) for each i <m, let A{wo, xq, ..,Wm, Xm) 
be the event that for each i & I there is an open dual path ctj from Wi to Xi in 
Briwi, t), with d{ai, aj) > q/2 for all i ^ j. Then we have shown 

(5.13) P(M^(g,r,A,t)) n [HSkel,(ro) = (yo,-, w)]) 

< {K42r^)'^~^^ max P(A(m;o, Xq, .., Wm, a:™)). 

Wo,Xo, ■■,Wm,Xm 

Provided ^^'34 is sufficiently large, Lemma |3.2| , ( p.l2[ ) and induction give 

(5.14) PiA{wo,xo,..,Wm,Xm)) <2^Y[Piwi^ Xi) 

i&I 

which with ( |5.1(]| ) and ( |5.13| ) yields 

(5.15) P(M^(g,r, At) n [HSkel,(ro) = (yo, ••, l/™+i)]) 

The number of possible (?/o, ••, 1/m+i) in (|5.15|) is at most (-^'44)!:^)™"*'^, which with (|5.15| ) 
yields 

(5.16) P{M'^{q, r, A, t) < e-*+^«*'/'-''" 

provided ^^34, and hence r, is large enough. It is easily verified that, provided eig is 
small enough, 

1 

-i 
2 

by considering two cases according to which of t+ and wiA^^'^ is larger. This and (|5.16| ) 
estabhsh ( ^.81) for Mq; as we have noted, this and (|2.9| ) establish ( ^.8|) as given. □ 



K,,{U + w;iAi/2)i/V2/3 < 2ir45(wiA'/')'/V2/3 + 



Remark 5.4. Let J be any increasing event. Since the event on the left side of 
( |5.14| ) is decreasing, its probability is not increased by conditioning on I. It follows 
easily that Proposition |5.3| remains true if the probability on the left side of ( |5.8| ) is 
conditioned on /, even though Mo(0, g, r, A, A, 0, t) is not itself a decreasing event. 

Under (^T?!) , open dual bonds do not percolate, so for every bounded set A there 
is a.s. an innermost open circuit surrounding A\ we denote this circuit by Q{A). 
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An enclosure event is an event of form 

ni<„(Open(ai) n [ai ^ oo]) 

where ai, ..,q;„ are circuits (of regular bonds.) This includes the degenerate case of 
the full space {0, l}'^^^ ). Clearly any such event is increasing. 



Proposition 5.5. Assume ( \2. Tj ), the weak mixing property and the near-Markov 
property for open circuits. There exist constants Ki, as follows. Let A > A' > 3, k > 
0,t+>0,t = wiVA' + t+,d' > 0, and en^wiVA + d' + 1+) > r > 15g > K^elogA. 
Then 

(5.17) P{Mo{k,q,r,A,A',d',t)) < exp ( -u{K„r'^l^ , A) - —t+ - —d' 



60 ^ 10 



and 



(5.18) P(Mo(fc, g, r, A, A', d! , t)) < exp (^-^rf'^ P(Mo(0, g, r, A', A', 0, t)). 



Proof. We will refer to the requirement en{wiy A + d' + tj^) > r as the size condition, 
and to all other assumptions of the Proposition collectively as the basic assumptions. 

We first prove ( |5.1?1 ). We proceed by induction on fc, using Proposition ^]3| for 

= 0. Fix g, r and define 

Ly{k, A, A, d, d', t) = My{k, q, r, A, A', d' , t)n[d< D^q^r){Ty) <d+l], 

where 

(5.19) -WiVA - 1 < d < K^sA, d>-t+-l. 

6 6 



If K^s is large enough then, from Lemma |5.2| and the lattice nature of F^, Ly{k, A, A', 
d, d', t) is empty if any of the inequalities in (|5.19| ) fails. Note that for some K^g, 

My{k,q,r,A,A',d',t) C [diam(Fj^) < K^gA]. 

Our induction hypothesis is that for some constants Cj, for all j < k, all A,A',t,d' 
satisfying the basic assumptions, and all d satisfying ( [5.19| ), for any enclosure event 
E, we have 

(5.20) PiLoij,A,A',d,d',t) I E)<expi-^d+^jr); 

if the size condition is also satisfied, then in addition 

(5.21) P{LoU,A,A',d,d',t)\E) 

< expi-uiKs5r^/',A) - - ^d'), 

oO 10 
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with ^^35 from ( |5.8| ). We wish to verify these hypotheses for j = k. 

For j = it suffices to consider d' = and (|5.21| ) is Proposition ^]3| (together with 
Remark ^.4|) , while ( p.2(]| ) follows easily from the first inequality in ( ^.9|) , if K^q is 
large. Hence we may assume k > 1 and fix A,A',d,d'. Let \I/(m, f , 77) denote the event 
that LQ{k,A,A',d,d',t) occurs with {u,v) a primary (g, r)-bottleneck in Tq of type 
r], and let ^{u,v,ri) = {Yuvr^{uj) : u G \E'(m, f , r/)}. Let E be an enclosure event; it is 
easy to see that bottleneck surgery cannot destroy E, that is, 

^'(m, v,r])nE C $(m, V, 7]) n E. 

(This is the reason for considering only enclosure events, not general increasing 
events.) Since \dQi{u, v) \ + | J^(u, t>)| < -^'480', we then have from the bounded energy 
property: 

(5.22) P(^(m, V, Ti)\E)< e^«^P($(M, v, r])\E). 
Fix M, f , Tj and for yi, ..,yi G and /, m, Aj, fcj, dj, d[> in Z, let 

Z = Z{1, m, yi, ..,yi, Ai,.., Ai, c?i, .., di, d[, .., d'l, ki, .., /;;,) 

denote the event that there exist disjoint exterior open dual circuits ai,..,ai such 
that: 

(i) ai surrounds yj, | Int(aj)| = Aj, diam^(ai) > K^r/3, |5'(g,r)(aj)l = ^i^^i < -D(5,r)(ai) 
< di + 1 and c?- < D'^^ ,,)(ai) < c?- + 1 for all i < I; 

(ii) letting amain denote the open dual circuit enclosing maximal area among all 
offspring of all ai, we have amain an offspring of am satisfying | Int (amain) | = A' 
and W(9Co(amain)) > ^1^1' + ^+ ; 

(iii) there is no open dual path connecting a^ to a„ for i ^ n. 

We supress the parameters in Z when confusion is unlikely. Then considering only 
(/€T-r/3)-large offspring we see that 

(5.23) $(m, v,r]) (ZU Z{1, m, yi, ..,yi, Ai,.., Ai, di, .., di, d[, .., d'l, ki, .., k) 
where the union is over all parameters satisfying 

2<l< min(4g. A; + 1), m < /, yi E (Z')* with d{yi, (uv) < 2, A > 



(5.24) Am>A', A-Kssr^ <J2Ai<A, Y,ki = k + l-l, 

i<l i<l 

(5.25) Iwi^/A - 1 < di < KisA, d'i<di, 
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(5.26) d' - I <d'^ + '^di <d', d-l <^di<d, 

i^m i<l 

(5.27) d^-d'^ + l>l{wiVA + t+). 



Here ( p.27| ) and the first inequality in ( p.25| ) follow from (ii) above and ( p.4[ ),and K^^ 
is from { f).'d\) . Temporarily fix such a set of parameters and let i/i,..,z/; be circuits 
with 

diamT-(z/j) > for all i, and Int(z/j) fl Int(z/j) = for i ^ j. 

3 

Define events 

Li = U3<B<A,LyXki,A,B,di,d[,Wi\/B), i ^ m, 

Lm {kmi At ^ J dnij d^, t) , 

Ti = [Q{ry.) = Ui], Yi = Lir\Ti for i<m, T = ni<iTi. 

Then 

(5.28) ZnTc Di^iYi. 
Note that as in ( pJl|) , 

(5.29) Yi = Open(z/j) fl [ui cx)] fl Gj for some Gi G Gi3{int{ui)), for every i < m. 
Define events 

R = Uk;„i Int(z/i), F = ni<,_i Ext{ui), 

G = Hi^i^iGi, H = nj<i_i Open(z/j), = ni<;„i[z/i ^ oo], 

and let Li denote the event that Li occurs on B{F). Then 



(5.30) NnEnH = ERnEFnH for some Er e Qb(R), Ep e Qb{f), 

(5.31) HiKi^iYi = H n N n G 
and 

(5.32) ni<iYi C Li. 



The relation between area Ai and diameter di tells us roughly whether the circuit 
ai (or its collection of descendants) is regular or irregular; we thereby subdivide the 
circuits into "large regular," "small regular" and "irregular" categories as follows: 

h = {i <l : di< ■iwi\/Ai,Ai > Cir^}, 
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l2 = {i<l : di< Awi^/A, Ai < cir^}, 
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h = {i<l:di> Awl^/A} 
where ci = ma.x{l/elj, (SK^^/wi)^) is chosen so that 



(5.33) 
Let 



Hi = max 



uiKs^r^^^, Ai) + —di, —di - —k 
V 35 ' ^ 10 ' 10 40 



i G Ii\{m}, 



9 K 

Hi = — di -hr, 2 G /o U /q, 

10 40 ^ 



Hm = niax 



u{K35r^^^, Am) + + T^ciL, ^dm, - '^kmT 
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lO-'^'lO"^ 40"^ 



if m G /i 



(cf. ( ^.20|) .) Now n -Ei? is an enclosure event so by the induction hypotheses ( |5.20| ) 
and ( p.21| ), summing over B < Ai gives 



(5.34) 



P{Li \HnEF)< Aie 



(Note that the size condition can be used here for i G /i.) Since \i'i\> eigr for all i, 
from (p.5|) and ( p.6|) , provided ii'46 is sufficiently large we get 



(5.35) 



P{Li nEplHnGnER) <{1 + e-'^^'''^)P{Li nEplH) 



and 



(5.36) 



P{Ef \H)<{1 + e-'i«"/^)P(E^ \HnGn Er). 
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Combining ( p.29| ) - ( |5.36|) we obtain 

(5.37) P{{n^<iYi) n E) 

< P{Li n (ni</_ir,) n e)p{Ti \ u n {ni<i-iYi) n e) 

= P{Li nHnGnERf] Ef)p{Ti \ u n (ni<i_ir,) n e) 

< (1 + e-^i«"/2)P(Li n Ep I H)P{H n G n Ei^) 

■ P{Ti I Li n (n,<;_iK,) n E) 

= (1 + e-^i«"/2)P(L; I n h)p{Ef I i/)P(i/ n G n ^r) 

■ P(Ti I n (n,<;_iK,) n E) 

< (1 + e-^^«'"/2)2A,e"^'P(PF I n G n Er)p{h n g n e^) 

■ P(Ti I n (n,<;_iK,) n E) 

= (1 + e-^^«^/2)Mie-^'P((a<;_iF,) n P)P(r^ I Li n (a<;_iF,) n e). 

Summing over z/; (which appears via T^), dividing by P(/) and iterating this (taking 
H and to be the full space and P = 0, P = M^, at the last iteration step) we obtain 
using { ^72^ 

(5.38) P{Z I P) < (1 + e-^i«"/^)2' JJ A^e-^' < 2A^ exp(- ^ /i^). 

i<l i<l 

We now want to sum ( 5.38 ) over all parameters of Z allowed in ( ^.23 ). We first 
view / as fixed and allow the other parameters to vary. Note that the number of 
parameter choices is at most (KsoA)^'"*"^, and the number of possible {u,v,r]) is at 
most {K^qAY, for some K^q. Suppose we can show that, under the basic assumptions, 

9 



(5.39) Ui > —d - —kr + —(I - l)r 
^ ' 10 40 100^ ^ 

i<l 

and, if the size condition is also satisfied, 

(5.40) 5^ > u{K,,r'/\ A) + ^d' + + {^{l - l)r. 

i<l 

Then from (lO^ ) and ( [OSD , 

P($(u, V, v) I /) < 2(7^50^)^'+^ exp (-^rf + ^kr-^il- l)r) 
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and if the size condition is satisfied, 
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P{<l>{u,v,r]) I /) < {K^oAf^+^expl - max 



u(K35r^/\A) + —d' + —t+, 
V 35 , ; 60 + 



— d -kr 

10 40 



Kjj- 

Too 



(/-l)r . 



Thus, summing over u, v, 7], then over /, and using r > K^q log A and ( ^.22|) , we obtain 
(lOOl ) and ( p:2lD for j = fc. 

Now (|5.39|) is a direct consequence of (|5.24|) and ( ^.261) , so we turn to (|5.40|) and 
assume that the size condition holds. Let 

j^di, i ^ m 

and set Pi = = 1/2, /?2 = 1/10. We claim that 

(5.41) yUj > l3jWi \f^i + 5j + — (ii — 1 for every i G /j, j = 1, 2, 3. 

Observe that 
(5.42) 

and hence 

(5.43) 

This yields 

(5.44) 



di > {h + 1)^ - 1 > (A;. + 1)^, < > - 1 > 



l^i > -di, i < I. 
5 



4 , r— 11 , 

-^di>wi^/Ai + —di, I e h, 



which proves ( 5.41|) for i G /3\{m}. For z G Ji we can use ( ^.33 ), ( 5.42 ) and a convex 
combination of the lower bounds ( p.43| ) and u^K^^r"^^^ , Ai) for /ij to obtain 



(5.45) 



3 ^ I ^ 

fii > -u{K35r^/^ , Ai) + -di > -wi^/Ai + -di, i G h, 



which proves (|5.41|) for i G /i\{m}. From (|5.25| ), 

di > -wia/A- H — di , i < L 

and hence by ( |5.43|) 

(5.46) IJ-i>^di>^wi^/Ai + ^di-^, i<l, 

5 10 5 5 



which proves (|5.41| ) for i G /2\{m}. 
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We need slightly different estimates for i = m. If m G /a then using ( |5.44| ) and 
( |5.27| ) we obtain 

(5.47) "~ ^ 



m 

11, 1 

> Wl V^m + -dn, + -{d'^ - 1) + —t+, 

which proves ( |5.41| ) for i = m. If m G /i then by ( |5.45| ) and ( ^.27] ), 
(5.48) 



> -WiWAm H dm H (d' - 1) H 1 + , 

- 2 ^ 10 10^ " ^ 60 ^' 



which again proves ( ^.41|) for i = m. Finally if m G /2 then by (p.46|) , ( |5.48 



remains 



valid with 1/10 in place of 1/2, and 3/5 subtracted from the right side, once again 
proving ( ^.41| ) for i = m. Thus (|5.41| ) holds in all cases. 

The next step is to sum (|5.41| ) over i. There are 2 cases. 

Case 1. d> 2{]wi^. Then using (|5^), (g) and (|0|), 



(5.49) 



Y,^i^>Y,{5, + ^d, + l) 

i<l i<l 

1 11 1 

> —(d' -l) + —t+ + —(d-l) + — di + l 
- 10^ ^60+20^ ^ 20 ^ 



which proves (|5.40|) . 

Case 2. d< 20wiv^. By (pl), and (|^, 

Qd' + t+<Q{d + l + l) <7d< 140^1 TA. 
This and the size condition imply 



if ei7 is small enough, with K33 as in 
(5.50) - K33r^ > (^1 ^ 



, and then 



> \fA- 



K-rr 



SOwl 
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Let 

Sj = '^Ai, j = 1,2,3, and S = Si + S2 + S3. 

Provided en is small enough, we have by (^.3|) and ( ^.501) 

(5.51) Wl^/S >wiVA-^. 

oU 

It is easily checked that 

(5.52) Va + b< y/^ + eVb hi < b < iO^a. 
Choose ii3,i2 satisfying 

ie/iU/3 i6/2 

(If Ii U I3 or I2 is empty then the corresponding 213 or ^2 is undefined.) We now 
consider two subcases. 

Case 2a. I2 = (f> or Ai^ < ^{Si + S3). From the definition of /Xj if iis G Ji, and 
from ( |5.41|) if G /s, we have 



(5.53) /ij,3 > wi \/~A~ - A + 5ii3 ) 

where A = rmn{K3^r'^/^A\[^ ,wiy/A~;). Therefore by (|532D with 9 = 1/2, 

(5.54) J2 fJ'i>wi^Si + S3- X+ J2 Yo"^''^- 



Hence by (|53^ ) with = 1/25, and ( p3TD , (|^, (|3§ and (ICTj ), 

40' 



(5.55) ^/ii>«;iV^-A + ^5, + ^(/-l)r-/ 



i<Z i<l 

- ^ 80 10^ ^60+40^ ' 

> u{K3^r^l\ A) + —d' + — 1+ + — (/ - l)r 

- V 35 ' ^ 10 60 + 100^ ' 



which gives (|5.40| ). 

Case 2b. Ai^ > ^{Si + S3). Let us relabel {Ai,i G J2) as -Bi > .. > Bn. We have 

5i + ^3 < 25clr^ 
while from ( |5.3| ), provided €17 is small enough, 

5 > A - fsTgar^ > 32, 525cir2, 
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100 

^2 > 32, SOOcir^ > 325 ^ Bi 

m=l 



which imphes 



1/2 



\m=l 



100 



1/2 



^m=101 



Using this, and using ( ^.521 ) twice (with 6=1 and with 6 = 1/20), we get 
(5-56) ^ E 

1/2 



m=l 



> 



1 V 1 >^ 

15 E^'" +15 E 



\m=l 

100 \ 1 " 1 / " \ n / 



m=101 



> 



1/2 



m=101 



Vm=101 



\m=l 



If Ji U Is 7^ then remains vahd. This, with (|CT| ), and shows 

that, whether Ji U Jg = or not, (§33^ (with A = if Ji U Jg = 0) still holds. 

The proof of ( ^.40| ), and thus of (|5.21|) , is now complete. Taking y = and E the 
full configuration space in ( p.21| ), and summing over d satisfying ( p. 19 ) shows that 

(5.57) P{Mo{k,q,r,A,A',d',t)) < K,sAexp ( -u{Ks,r^/-' , A) - - ^d' 

\ dU 10 



This proves (|5.17|) , with = 2K^r,. 

It remains to prove (|5.18| ). This is similar to the proof of ( [5.21| ), so we will only 
describe the changes. Again fix q,r. We make the same induction hypothesis, except 
that (p.21|) is replaced by 



(5.58) P{Lo{j,A,A',d,d',t) I E) < exp (^--rf'J P{Mo{0,q,r, A' , A' ,0,t) \ E), 

and the requirement that the size condition be satisfied is removed. This hypothesis 
is true for j = 0, where only d' = is relevant; hence we fix > 1 and A, A', d, d'. 
Let 

f{A', t) = - log P(Mo(0, q, r. A', A', 0, t) \ E). 
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In place of /Xj we use 



10 



40 



fim = max 



4 , / 9 

-d'^ + f{A',t),—dn 



40 



In place of ( |5.39|) , (|5.40|) and their multi-case proofs, we have simply, using the first 
half of (^, 



and hence using (|5.26|) 



- J V > ; 5 50 ^ ' 



This leads directly to (|5.58|) , as in the proof of (|5.21|) . In place of ( ^.571 ) we have 

P(Mo(fc,g,r,/l,A',rf',t)) < K48^exp P(Mo(0, g, r, A', A', 0, t)). 

For /c > 1 we have ci' > Kt-t so provided K^q is large enough, this proves (|5.18| ). □ 



Lemma 5.6. Let q > l,r > 15q, let 'j be a dual circuit and let amax,7 be its maximal 
{q,r)- descendant. Then 

>V(aCo(7)) < >V(9Co(a„,ax,7)) + 19I^(,,.)(7)- 

Proof. We may assume 7 has at least one bottleneck. If {u, v) is a primary bottleneck 
in 7, and the (/tT-r/3)-large offspring of 7 are ai, .., a^, then 

Int(7) C + 2fi:^g) U Uj<fc Int(aj) 



and therefore from ( |5.4| ), 7 can be surrounded by a (non-lattice) loop of r- length at 
most 



12 (^ + 2/s:.g)+5^W(9Co(a,)). 
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Since (?Co(7) minimizes the r-length over all such loops, it follows that 

W{d Co(7)) < 6Krr + ^(9 Co{a,)). 

i<k 

Iterating this, and using (E^) and D', A'y) > '^Id'fc, r)('y)\^ obtain 



(<j,r)V / ; — 3 

W(aCo(7)) < 6f^rr\d[,,r)b)\ + E MdCoia)) 
<>V(aCo(a^a.,^)) + 19D'(^,)(7). 

□ 

The next theorem, together with Theorem [4.1| , shows roughly that for a droplet of 
size A, there is a cost for the convex hull boundary r-length exceeding the minimum 
Wi\/A by an amount s+, this cost being exponential in s+, and there is an exponential 
cost for positive D'^^ (Fq) . 



Theorem 5.7. Assume 1\) and either (i) the ratio weak mixing property or (ii) 



both the weak mixing property and the near-Markov property for open circuits. There 
exist constants Ci as follows. Let A > K^i, s+ > 0, s = Wi^/A + s+ and d' > 0. Then 

(5.59) P(| Int(ro)| > A,W{dCo{To)) > s, D[^^^.^iTo) > d') 

< exp (^-u{K,,{logAy/\A) - - ^d'^ . 

Proof. Let > K^q (of Proposition pl5|) and 

qs = 77^^53 log B, tb = K53 log B, 
15 

t+(n. A') = max(s - 19n - wiVA', 0), 
/i(n) = KGZ+:t+(n,A')>^}, 



and 



J2(n) = {A' e Z+ : t+{n, A') < y , Wi VI' < WiVI + 19n}, 



/3(n) = {A' e Z+ : t+{n, A') < y , wiVA' > wiVA + 19n}. 
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Then using Lemma 



(5.60) 

P(|Int(ro)| > A,W{dCo{To)) > s,D[^^^){To) > d') 

< E E ^(1 i^^^^o)! = 5,/^'(,,.)(ro) e Kn + 1), 



B>An>d' 



W(aCo(a^ax,ro)) >s-19n) 



B>An>d' 



A'<B,A'e/i(n) fc>0 

+ E E^(^o(/i;,gB,rB,5,/l',n,Wiv^)) 



yl'<B,yl'e/2(n) fc>o 



+ E E^(^o(fc,gB,rB,5,A',n,u7iV^)) 



The events MQ{k,qB,rB, B, A' ,n, ■) are empty unless n+ 1 > (A; + l)v'"/4 (cf. (|5.42| )); 
if i^sa, and hence r, is large enough, this implies k < n, so we may restrict the sums in 
(15.601 ) to such k. Presuming A is large enough, 'u(i^47(log-B)^/^, B) is strictly positive 
for all B > A. For A' G Ii{n) we apply Proposition |5.5| to get 



(5.61) E^(^o(^'^«''^^'^'^''^'^i^ + ^+('^'^')) 

A'<B,A'eIi{n) k<n 

< in 



+ 1)5 exp (^-w^^ + K,,B^/\\ogBf'^ ~ So " l^"") ' 



Note that if l2{n) or Iz{n) is nonempty we must have s+ = s — lyiV^ > 0. If 
A' G /2(^) we have 



i(s - wiVA) > s - 19n - Wi^rA >s- Wi\^ - 38n 
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and hence n > s+/ 64. Therefore 

(5.62) Yl Yl ^(^o(fc, Qb, tb, B, A', n, w^^/A)) 

A'<B,A'el2{n) k<n 

< in 



+ 1)5 exp (^wiVb + KijB^'\\ogBfl'' - 
< (n + 1)5 exp (^-w^Vb + 7^475'/' (log 5)'/=^ " " 1^'+) ' 



If A' G /s(?T-) we have 



so that 



which imphes 



s+ + Wi^/A - - 19n < t+{n, A) < y 



2{wi^ - wiVA) > tuiVA' - wiVA + 19n > 



WiVb > wiv^ > wiVA + y. 



Therefore 
(5.63) 

J2 Yl P(Mo{k, qs, TB, B, A', n, w,y/A^)) 

A'<B,A'&l3{n) k<n 



<{n + 1)5 exp |^-wi/B + 7^475^/^ (log 5)2/3 - -L^^ 

< (n + l)5exp (^-^wiVb -]^w^^/A-^s+ + K^jB''\\ogBf''' - 



We can now use ( ^.61|) , (|5.62|) and (|5.63|) to sum over n and 5 in (|5.60|) , obtaining 
(|5^). □ 



Part of our main result is an easy consequence of Theorem ^ 
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Proof of Theorem \2. 4 1 \2. l3{ ) and l \2.14\ )- From the definition of Wi and Theorem |5.71, 
for any c, if A is sufficiently large, 

(5.64) P(|lnt(ro)| > A,ALR{ro) > cl^/\\oglf/^) 

< P{\ Int(ro)| > A, I Co(ro)| >A + cw.l^/^loglf^^) 

<p(\ int(ro)| > A >v(9Co(ro)) > ti;iv^+ 



< exp{-u{K,2{logAf/',A) - e,,d'/\loglf/'). 

If we take c sufficiently large, this and Theorem ^A] prove that ( |2.13| ) holds with 
conditional probability approaching 1 as A — > cxd. 

Next, from the quadratic nature of the Wulff variational minimum (see [|1|, [p!T|), 
for any a, b, if A is sufficiently large, 

(5.65) P{A < |Int(ro)| < A + awil^/^ {loglf/\ AA{d Co{ro)) > bP/^loglY^^) 

< 5^P(|Int(ro)| = B,AB{dCo{To)) > ^/^/^(log/)^/^) 

B 

<^P(|Int(ro)| =5,W(9Co(ro)) >w7iVI + e2o&/'/'(logO 

B 

< expi-u{K,2{\ogAY/\A) - e^ibl'/^hglY/'), 
where the sums are over A < B < A + awil^^^{logiy^^. Now 

P(| lnt(ro)| >A + aw,l^/^{\oglf/^) 



2/3N 



can be bounded as in ( |5.64|) , so if we take a, b sufficiently large, ( ^.65|) and Theorem 



O] prove that ( p.l4| ) holds with conditional probability approaching 1 as A — oo. □ 



6. Proof of the Single Droplet Theorem 
Let $Ar denote the open dual circuit in A^r enclosing maximal area. Let 

Tat = ^ diam^(7), = ^ diam^(7). 

TSCat 76£jv\{*iv} 

Let GN{k,A,A',d,d') denote the event that there are exactly k + 1 (i^' log A^)-large 
exterior open dual circuits in A^v, with 

^|Int(7)|=A, |Int($7v)| = A', d<TN<d + l, d'<TN<d' + l. 
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As we will see, by mimicking the proof of ( |5.18|) it is easy to obtain 
(6.1) PNAGNik,A,A',d',t)) 

< exp (-^d'j Pn,w{\ Int(ry)| = A' for some y e An n Z^) 



and then, summing as in Theorem |5.7| , roughly 
(6.2) PnAY. \ l^iil)\>AT'N>d') 

< exp (^~\d'^ Pn,w{\ Int(rj/)| > v4 - i; for some y e An n Z^). 

with V < ^/A. (Statement ( |6.2| ) is for motivation only — the actual statement we prove 
is ( |6.62|) .) Note that I^atI > 1 implies > KlogN; hence to prove (|2.19|) we would 



like a result somewhat like (|6.2|) but with A on the right side in place oi A — v. To 
replace A — v with A we need to know something of how the probability on the right 
side of ( |6.2|) behaves as a function of v, which is obtainable from our next two results. 
For > and < A < B, we say that a lattice site y is {An, A, B)-compatible if 
there exists z such that y G z + ^/AJCi and z + \fBfCi d An- 



Proposition 6.1. Let P he a percolation model on B{T?) satisfying T{ ), the near- 



Markov property for open circuits, and the ratio weak mixing property. There exist 
Ki, ei such that for A > and 6 > log A we have 

(6.3) P(| Int(ry)| >A + 6VA) > e-'^^^P{\ lnt{Ty)\ > A). 

From this proposition we will obtain its analog for Pn,w, which is as follows. 

Proposition 6.2. Let P be a percolation model on B{T?) satisfying Tj ), the near- 
Markov property for open circuits, and the ratio weak mixing property. There ex- 
ist Ki,ei such that for N > 1,A'56 < A < C2N'^, K^jlogA < 6 < £23 and y 
{An, a/2, (1 + €24) A) -compatible we have 

(6.4) PnA\ Int(rj,)| >A + 6^/A) > c-^'^'PnAI Int(r,)| > A). 
Here C2 is from Theorem \2.3i . 

These propositions will require some preliminary results. 

Lemma 6.3. Suppose t is positive. There exists €2^ such that ifq>l,r> 15q,A > 
A' > and •j is a dual circuit with \ Int(7)| = A, \ Int(Q;max,7)| = A' then 



i^(,,.)(7) >e26vM^. 
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Proof. Let ai,..,ak be the non-maximal final (g, r)-descendants of 7, and Ai 
I Intfaj)!. Then 



j<A; V i<k 



while (cf. (0| 



The lemma follows easily. 



A- A' <kr^ + A- 



i<k 



□ 



Remark 6.4. The proof of Proposition shows that the bounds ( |5.17| ) and ( |5.18| ) 
are valid conditionally on any enclosure event E, with the following modification: on 
the right side of ( |5.18|) one must replace P{Mq{- ■ ■ )) with supy^j^^f-^i2 PN,w{My{- ■ ■ ) | 
E). Let E]^ denote the enclosure event Open(9Ajv) fl [dA^ ^ 00]. Assuming P 
has the near-Markov property for open circuits, probabilities under Pn,w and under 
P{- I En) differ by a factor of at most 1 + Ce~"^ for some C, a. Therefore Proposition 
3| is valid with ( p.l7| ) and ( |5.18| ) replaced by 



(6.5) 

and 
(6.6) 



P^AMyik, q, r, A, A', d', t)) < exp{-u{K^rr^/^ A) - - ^d') 



PNAMyik, q, r, A, A', d\ t)) < exp (^'^d'^ PNA^x^B{y,K,,A)M^{^, q, r, A', A', 0, t)) 
for all y G Ajv fl Z^, for some K^g- It follows easily from (|6.5|) that Theorem |5] 



and then ( |2.13| ) and ( p.l4|) of Theorem |2]l|, extend similarly. Further, because the 
constraint A < C2N'^ in Theorem O and Proposition 6J. allows the appropriate size 
of Wulff shape to fit inside A^, and weak mixing adequately eliminates boundary 
effects. Theorem O] is also valid for Pnw when A < C2N'^- 



For x,y E (Z^)*, r > and G C R^, we say there is an r-near dual connection from 
X to ?/ in G if for some m, f G with (i('u, v) < r, there are open dual paths from x 
to u and from y to v m G. Let N{x, y, r, G) denote the event that such a connection 
exists. The following result is from 

Lemma 6.5. Let P be a percolation model on B{1?) satisfying l \2. and the ratio 
weak mixing property. There exist Ki such that if \x\ > 1 and r > K^g log |x| then 

P{N{0,x,r,R^)) < e-"(^)+^«o^ 
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The next lemma proves ( |2.15| ) in Theorem |2.1| . 



Lemma 6.6. Let P be a percolation model on B{1?) satisfying Tj ), the near-Markov 
property for open circuits, and the ratio weak mixing property. There exist e^, Ki such 
that for A > Kqi,1 = ^J~A and €27 A > r > 15g > KQ2^ogA, under the measure 
P{- I I Int(ro)| > A), with probability approaching 1 as A 00 we have 

(6.7) MLR{To)<K,,f/%\oglY/^ 



We may and henceforth do assume that Kq^ > of Theorem 2.1 



Proof of Lemma \6. 6| . The proof is partly a modification of that of Proposition |5]^, so 
we use the notation of that proof. The basic idea is that a large inward deviation of 
fj^Qj^ dCoiVo) for some k reduces the factor P{wk ^ Xk) in (|5.14| ). 



First observe that the proof of ( ^.111) actually shows that 



(6.8) d(r|f"*+^^, r!r^'^^') > q/2 for all i ^ j with j G /. 



Let Z be the site in Fq most distant from (9Co(Fo). Let i^64 > v^tt^^wiK^ be a 
constant to be specified, and suppose that Fq satisfies ( p.l3|) and (|2.14] ), but for some 
k < m and some z we have Z = z & plj/fe.yfc+i] g^j^j d{z,dCo{{yQ, . . . ,ym+i})) > 
51KQiP/^{\ogiy/^. By (|3J) we have z G Co({?/o, • • • ,1/m+i}). Let Rk denote the 
region bounded by r|f'"^'°+^^ and by the segment of c?Co(Fo) from yk to yk+i- Let ik 
denote the line through yk and yk+i- There exists a site z' G £k with the following 
property: a line tangent to dBT-{yk,T{z' — yk)) at z' passes through z. This z' is a 
projection of z onto ik and satisfies 

(6.9) r{yk- z) >T{yk- z'), r{yk+i - z) > T{yk+i - z'). 

Let 

D = B{z,K,,p/%\ogl)'/'), E = B{z,2K,,p/%\ogl)'/'), 



D' = B{z',KGd^/%\ogl)'/^), E' = Biz', 13ir64/'/'(log/)^ 



F' = Biz',UK,d'/'{\ogl)'/'). 

Write Dz,D'^, etc. for the intersection of D,D', etc. with (Z^)*. We have several 
cases. 

Case 1. r|j""^''+^' contains a (ii'59 log 74)-near dual connection from yk to Vk+i outside 
E. Here i^'sg is from Lemma |6.5| . Then this event and the event [z ^ dinD^] occur 
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at separation i^'64/^''^(log/)^'''^, so by Lemmas ^]T] and [67^ , 

(6.10) Pi[z ^ d„,D^] n Nivk, Vk+i, log A, E'^)) 

< 2P{z ^ dinEj)P{N{yk, Vk+i, K,, log A, E') 



< exp 

-\yk,yk+] 



Case 2. Fq ' contains no (i^sg log A)-near connection from to yk+i outside 
E, and D' (1 ik C ykyu+i- In this case, if r|f'"^''+^^ did not intersect D' , then at least 
half of D' would be contained in Rk- (This requires ( p.5|) , which shows that we cannot 
have D' C Int(ro).) Then from (pT^ ), 

^T,Kll"\\oglf^ < \Rk\ < \dCo{T,)\ALRiTo) < 2w,K,l'l\\oglf'\ 

contradicting the definition of K^^^. Thus r||"='^'''+il must intersect D' . 

Let hi be the first site of rjf'"''' in dEz, and let h2 be the last site of r|j''^''+^' in 
dEi. Note that by the definition of Case 2, we have 

rf(r!f-'^^],r[f^'^'=-^^i)>ir59iogA 

We have two subcases within Case 2. 

Case 2a. rjf'"'*^' and rjj'^'J'fc+il contain (i^'sg log 74)-near connections from yk to hi 
and from h2 to yk+i-, respectively, both outside F' . Then these near-connections occur 
at separation i^sglogA from each other and from the event [(?j„Z)^ "^i?^], so by 
Lemmas and since r(/i2 - /^i) < ^72(4/^64^^/^ (log /)^/^ + 2), 

(6.11) 

P(iV(yfc,/.i,ir5glogA, (F')'=),iV(/.2,y,+i,i^59logA, (F')'^), and [^i^D; ^ dE'^] 
occur at mutual separation i^sglogA for some hi,h2 G dEz) 

<4 Yl P{N{yk,hi,K,,\ogA,iFr) 

hi,h2&dEz 

■ P{N{h2, yk+i, K,,\ogA, {F'r))P{d,nD^ ^ dE'^) 

< A\dinD'j\\dE'j\ ^ exp(^-r(/ii - t/fc) - r(?/fc+i - /12) 

hi,h2&dEx 

- QV2K^^Krl'''\\0glY''' + i^65l0gA 

< exp(-r(|/fc+i - y^) - K^^K^l^'\\oglY'^). 
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(Here we have actually used a trivial extension of Lemma |3.2| , since the near-connection 
events occur not necessarily on the dual cluster of a single x* but rather on the union 
of two such clusters.) 

Case 2b. Y^^'^'^^^ does not contain a (i^sg log A)-near connection from to hi 
outside F' . (The other alternative to Case 2a within Case 2, symmetric to this one, is 
that ^Qgg contain a (i^'sg log 74)-near connection from /i2 to i/k+i outside 

F'; the proof is similar.) In this case the events [yk ^ dF^ outside F'UE], [dF^ ^ dE^ 
outside F' U E] and [dE^ ^ Hk+i outside E] occur at separation K^g log A from each 
other. Further, we have for f,g E dF^, using (|6.9|), 



(6.12) r(/ - Vk) + r{yk+i - h^) + r(/ii - g) 

> t{z - yk) + T{yk+i - z) - V2Kr{\z' - f\ + \z- /lal) 

+ ^(k - z'\ -\z- hi\ - \z' - ^1) 

> t{z' - yk) + r{yk+i - z') + 2K^^K,l^'''i\oglY'^ 

> r{yk+i - yk) + 2/^64 v/'^' (log /)'/l 



Hence by Lemma 3.2, 



(6.13) P{[yk ^ dF^ outside F' U E], [dF^ ^ dE^ outside F' U E] and 

[dE^ yk+i outside F' U E] occur at mutual separation K^q log A) 

< 4P(yfc ^ dF^)P{dF^ ^ dE^)P{dE^ ^ yk+i) 

<4 ^ exp{-T{f - yk) - T{yk+i - h2) - T{hi - g)) 

< exp(-r(yfe+i - yk) - 7^64 v/^^^ (log Z)^/^). 

Case 3. y^q'"^'''^^^ contains no (i^sg log A)-near connection from yk to yk+i outside 
E, and D' (1 £k <it ykHk+i- As in Case 2b there are two symmetric alternatives within 
this, and we need only consider one, so we assume d{z,yk+i) < d{z,yk)- Then the 
events [yk ^ dEz] and [dEz ^ yk+i] occur at separation K^g log A and we have 

r{z - yk) > r{z' - yk) > r{yk+i - yk) - KeAV2Krl^/\logl)^/\ 
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Hence 

(6.14) P{[yk ^ dEj\ and [dEi ^ yk+i\ occur at separation ^"59 log A) 

< 2P(yfc ^ dE)P{dE ^ 

< 2 ^ exp(-r(/ii - yk) - r{yk+i - h2)) 

hi,h2<^dE 

< 2exp ^-r(z - yu) + V2v|2; - - ^{\yk+i - z\-\z- h-^ 

< 2exp(-r(|/fc+i - yj,) - mK^^K,fl\\o^lfl^). 

Now let J{yk,yk+i) denote the event that there is an open dual path from y^ to 
yk+i containing a site z with d{z,ik) > 51i^'64^^''^(logO"^^^- Combining the three cases 
we obtain 

P{J{yk,yk+i)) < 3exp(-r(yfe+i - yk) - ^KQ^Hrl^/^logiy/''^), 



and then analogously to ( |5.14| ) 



P{A{wo,xo,...,Wm,Xm)r]J{yk,yk+i))<'2"^PiJiyk,yk+i)) Y\. Piwi'-^Xi). 

iel\{k} 



Analogously to (|5.14|) - (|5.16| ), this leads to 
(6.15) 

P(|Int(ro)| > A,MLR{To) > 51Ke4^/^{\ogiy/^ ,To is (g, r) - bottleneck-free) 

3 



We will need the following straightforward extension of (|5.18|) , under the conditions 



of Proposition |5.5| : 
(6.16) 

P{Mo{k,q,r,A,A',d',t) n [MLi?(a^ax,ro) > 51X^4^/^ {hgiy/^]) 

< exp (-l-d') P{Mo{0,q,r,A',A',0,t) n [MLR{To) > 51Ke,P/%\oglY/']) . 



2 

It is easy to see (cf. the proof of Lemma ^.6|) that 
(6.17) MLi?(a„,ax,ro) > MLR{To) - 3k;^D[^^,){To 
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Let g{A) = {3e26)~'^ Kq^k'^I'^/^ (loglY^^ , with €26 from Lemma |]3[ From Theorem [5^^, 
Lemma IP, (|6T5|) , (^) and ( |6l6D , 

(6.18) 

P(|Int(ro)| > A,MLi?(ro) > 52Ke4l^/%\ogiy/'^) 

< P(| int(ro)| > A^fe.)(ro) > ^i^64M'/'(iog/)^/^) 

+ P(|Int(ro)| > A,MLR{a^,,^ro) > 51K,,p/\loglY/\ 
I Int(ro)| - I Int(a„,ax,ro)| < ^(^)) 

d(J 

+ E E E E ^(Mo(A;,g,r,i?,A',d',^iv^) 

S>Q d'>0 S-g(A)<A'<S k<d' 

< exp{-wiVA-^K6,Krf/'{\oglY/^) 

oU 

+ E EE (rf' + l)e-''/'P(Mo(0,g,r,A',A',0,i/;iV^) 



n [MLP(ro) > 5ii^64^^/^(iog/)^/^] 

d(J 

+ 10^(A)P(^| Int(ro)| >A- g{A), Tq is (g, r) - bottleneck-free, 
MLRiVo) > hlK^if'^iloglf^^ 

Here the restriction to k < d' is permissible as in the proof of Theorem f).7\ . Provided 
we take i^64 large enough, with Theorem E]^ this completes the proof. □ 



Proof of Proposition \6. 1\ . Let / = ^/A and r = 15g = K4Q\ogA, where K^q is from 
Proposition |5]^. Let Mid(ro) denote the Wulff shape of area flPol centered at the 
center of mass of Int(ro). From translation invariance. Theorems and |4.1| , (|2.17| ) 
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and ( |6.18|) we have (recalhng Kq^ = 52Kq4) 

P(|Int(ro)| > A/^fe.)(ro) > ^K,,K^i'/%\ogiy/') 
+ P(| int(ro)| > A A^(ro) > 2K,3i'/^iiogiy/^) 

+ P(|Int(ro)| > A A^(ro) < 2Kesf/'{hgiy/^0^ Mid(ro)) 

<ip(|int(ro)|>A). 

With this fact, we can repeat the argument of ( |6.18D , but excluding reference to 
MLP(-), to obtain (using again g{A) = (3e26)~^i^|4/t?/^/^(log/)2/3) 

(6.19) P(|Int(ro)| > A) 

<ip(|int(ro)|>A) 

+ P(|Int(amax,ro)| > ^4-^(^4), 

AA(«max,ro) < 2K,,l^/\logiy/\0e Mid(ro)) 

<ip(|Int(ro)|>A) 

+ 10g{A)P{\ Int(ro)| >A- g{A),ro is (g,r) - bottleneck-free, 
A^(ro) < 2ir63/'/'(log/)^/^0 G Mid(ro)), 

so that 

(6.20) P(|Int(ro)| > A) 

< 20^(A)P(| Int(ro)| > A-g{A),ro is (g,r) - bottleneck-free, 

A^(ro) < 2ir63/'/'(log/)l/^0 G Mid(ro)). 

The idea now is to split Tq into two halves and approximate the probability on 
the right side of (|6.20| ) by the product of the probabilities of the two halves. With 
this independence the two halves can in effect be pulled apart from one another to 
increase the area enclosed by Fq at only a small cost in increased boundary length. 
To accomplish this we first need some definitions. Let p be a path from X2 = {a2, ^2) 
to Xi = (ai,6i) in the slab 8^-1^x2 = {{^yV) G : ^2 < 2/ < ^i}- Let Jl(p) and Jr{p) 
denote the regions to the left and right, respectively, of p in Sx-i^x2- The right-side area 
determined by p is 

fJ'Rip) = \Jr{p) n Aivl - \Jr{xTx^) HAnI, 
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evaluated for large enough that A^r contains p. (Note that for such A^, the right- 
side area does not vary with A^. Also, in our definition the path p must be oriented 
so that hi < 62-) The left- side area Pl{p) is defined similarly using the left side of 
p. Let Xi and X2 be the points of Fq of maximum and minimum second coordinate, 
respectively, using the leftmost if there is more than one. Then 

I Int(ro)| = PLiTf'^""'^) + /i«(fo"'"''^\ 

where Fq is Fq traversed in the direction of negative orientation. Let 

5, = 5(X„4r), ^ = 1,2, 

and let Ui.Vi be the first and last lattice sites, respectively, of the segment of Fq fl Bi 
containing Xj. Let Wi be the first site in rjj^^'^^' for which 

ci(iyi,F!f-^^])<g, 

and let Zi be the closest site to Wi in Fq'^^'^^'. W2 and Z2 are defined similarly with 
subscripts 1 and 2 interchanged. 

Suppose now that Fq is (g, r)-bottleneck-free and satisfies 

(6.21) d.A{T,)<2K,,fl\\oglYl^ 

for Kq-^ of Lemma [6^ . Then Bi and B2 are disjoint, and since 

diam(F!)^^'^^l) > r and diam(F[,-^^'^^l) > r, 
the absense of bottlenecks implies 

d(vf^^^^\Tf^'^^^)>q and d(F[,^^'^^l,F|,^-^^l)>g. 
It follows that Wi ^ Ui, Zi G F|f "^'^ {i = 1, 2) and 

c^(r[,™l,F!f-'^^])>g-l>|. 

When p and a are paths such that the endpoint of p is the initial point of a, we let 
(p, 0") denote the path obtained by concatenating a and p. Then 

|/iL(F[,-^^'^^l) -/x^((F[f^'^^UH'.xJ)| < |i?i| = 167^r^ 

since the paths differ only inside Bi. Again we may interchange 1, 2 and L,R. Let 
Kqq > and let = B{x, K^Qp^^llogiy^^) for x G M^. Presuming Kqq is large 
enough, ( |6.21|) implies that 

rf ^'''^l\(/^x, U Dx,) C Jl(XI^), F[f^'^il\(Dx, U Dx,) C JrCX^X;). 
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Hence using Lemma 3.2, 



(6.22) P(| Int(ro)| > A- u,To is (g, r) - bottleneck-free, 

AA(ro) < 2K,3p/'{iogiy/^oe Mid(ro)) 

^ E E E E 

A~?i<AL+Afl<2A x-i_,X2&B{y,^/A) wi,zieB{xi,4r) «)2,Z2eS(x2,4r) 

P(Xi = a;i, X2 = X2, Wi = wi, W2 = W2, Zi = zi,Z2 = Z2 
and there exist paths pr from X2 to Wi and p/, from W2 to Xi 
satisfying HlUpr, CixJ) > - 167rr^ 

fJ'BiiCxiw^, Pl)) > Al- 167ir'^,d{pL, Pr) > -, Zi E pi, Z2 G pR, 
Pl\{Dxi U D^J C JL{xIxi),pR\{D^^ U D^J <^ -^i?(^T^), 

2 E E E E 

A-?i<Ai+Afl<2A xi,X2e-B{j/,v^) «)i,2ie-B(xi,4r) t02,Z2e-B(x2,4r) 

2P{x2 ^ Wi via an open dual path p/j 

with PlUpr, Cwixi)) > Ar- 16nr^, Z2 G Pr, 
Pr\{D^^ U D^J C 
G JL((Pi?,Cixi))\(^x.i UD^J) 
■ P(iL'2 ^ a^i via an open dual path pi 

with Pr{{Cx2W2, Pl)) > Al- 167rr^zi G Pl, 
Pl\{Dx^ U D^J C Jl(^T^), 
G Jr((C pz.))\(D,, U D.J) 



Let us assume for convenience that 6 is an integer (if not, the necessary modifications 
are simple), and let and x'2 be the lattice sites which are 25 units to the 

right of xi,wi,Z2 and X2, respectively. We now "pull apart" the two halves of Fq by 
replacing each of these four sites by its right-shifted counterpart in the first probability 
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on the right side of ( |6.22| ). Specifically, by the FKG property, 

(6.23) P{x2 ^ w[ via an open dual path p/j 

with iilUpr, Cw[x'J) > Ar- 16nr^, 4 e Pr, 
Pr\{D.^'^ U C JR(a^), 
G JL((pjj,a/,.))\(D,. UZ)^)) 
■ P{w2 ^ xi via an open dual path pL 

with Pr{{(x2W2, Pl)) > Al- 16nr^,zi G pi, 
PlMDxi U Z^^J C Jl(^T^), 
e JrHU^,, Pl))\{D,,U D,,)) 
■P(0pen(C,,^))P(0pen(C»,4)) 

< Pi\U >Al + Ar + pv^- 327rr^ - \D,,\ - \D,,\ - \D,>\ - 

<P(|ro| > A + 

From (|6.20|) , (|6.22|) , (|6.23|) and the bounded energy property we obtain 

(6.24) P(|lnt(ro)| > A) 

< KQjA^rV^'^Pil Int(ro)| >A + 6VA) 

< e^^^-^Pd lnt(ro)| >A + 6y/A), 

completing the proof. □ 

Proof of Propostion Let B = A + 5\/A. Since [|Int(rj^)| > A] is a decreasing 
event, we have 

(6.25) P(|Int(r,)| > A) >P^,^(|Int(r,)| > A), 
so it is enough to show 

(6.26) PnA\ Int(r,)| > P) > e-^^^^P(| Int(r,)| > B). 
Let 

^ + 2K(,;,tp/^\ogiy/^), r- = VB-2K(,sl^/^\ogiy/^). 



Fix y E 1? and let z E 1? with y E z + r JCi and z + a/(1 + e24)AICi C A^v, where 
€24 is to be specified. Then \/~A/2 < < < y/B and 

(6.27) d{z + r+ICu OAn) > |e24VI, 

provided £23 and £24 are small and A is large enough. 
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Let Ty denote the outermost open dual circuit surrounding y in z + r/'/Ci and define 
the event 

F, = [|Int(f;)| > B,dH{dCo{tl),z + dVBICi) < Kd^'\\oglf'\ 
MLR{V\) < K,,p/\\oglY'^] 

Note that Fi C [F^ C z+r^Ki]. Let Ei be the event that there exist u ^ z+rfj^^lCi, v ^ 
z + rflCi for which d{u, v) > ^d{u, z + r'^ICi) and u v via an open dual path outside 
z + rfKi. Then for some £23 , 

(6.28) PNAEi) < P{E,) < exp(-e28/'/'(log/)^/=^), 



F5C[fJcz + r+/Ci]c[f^ = r 



and 



Here the last inclusion follows from the fact that if ^ z + r^/Ci and F^ C z + rfJCi 
then Fy must surround or intersect F^. The events E4 and F3 necessarily occur at 
separation 2ii'63/^/^(log Z)^/^, so by Lemma we have 

(6.29) PnAF^ n [f J ^ F,]) < Pjv,«,(^4 n F3) < 2P^,^(E4)Pjv,«,(i^3). 
We want to replace P{Fs) with PiF^) on the right side of ( |6.29| ). We have 



(6.30) 



Let ciJi G Fi be a bond configuration on B{z + ViJCi). Conditionally on ui, F3 is an 
increasing event (since F3 requires F^ C 2 + r^ICi, meaning F^ is part of uJi) and E2 
is a decreasing one, so using ( |6.28|) , (|6.3CI|) and Lemma ^TT| again, 

(6.31) PnAF3\F5 I ^1) 

< Pn,w{F3 I UJi)PN,to{E2 I UJi) 

< PnAFs I UJi)P{E2 I UJi) 

< 2P^AFs I u;,)P{E2) 

< ^PnAFs I c^i). 
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Therefore PnA^s) < 2Pn,^{F^). With QOOl) , ( [OHD , (IOTI) and Lemma U this 
shows that 

(6.32) P(|Int(rj,)| > B,dH{dCo{Vy),z + d^K:i) < Kif''\\oglf'^, 
MLR{Vy)<K,^l^'\\oglf'^) 

< 2Pjv,ti;(-^5) 



<4P^,^(F5n[r, = fg) 

< 4P^,^(|Int(rj,)| > B,dH{dCo{ry),z + dVB}Ci) < Kd^/'^iXoglf 



/3 



MLP(r,) <ir63/'/'(iogO' 



By Theorem |2.1| , Lemma |6.6| and translation invariance, there exists a site y' such 
that 



(6.33) 



^P(|lnt(r,)|>P) 



1 

2P 
1 



P(|Int(ry)|>P) 



< -P(\lnt{Ty,)\>B,/\B{dCo{Ty,))<Kd^l^{\oglY 



/3 



MLR{Xy,)<K^^l^"'i\oglf 



< P(|lnt(ry)| > B,dH{dGo{Vy.),z + d^K:i) < KJ^/^hglY 



/3 



MLRiTy,)<K,,l^/^i\ogiy 

But the last event implies that Ty/ surrounds z + r~/Ci, which contains y. Hence the 
last probability in ( |6.33 ) is bounded by the first probability in ( 6.32 ), so that 



(6.34) 



— P(| Int(r,)| > P) < 4P^,^(| Int(r,)| > P). 



Since 6 > K^jlogA, this completes the proof of ( |6.26| ). 

The next lemma includes the analog of Lemma |6.6| for Pn,w 



□ 



Lemma 6.7. Let P be a percolation model on B{7?) satisfying (WT), the near-Markov 
property for open circuits, and the ratio weak mixing property. There exist e^, Ki such 
that for N > l,KYo(\ogNY < A < cgA^^ (with ca from Theorem ^) and I = \fA, 
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we have 
(6.35) 

PnA\ Int(ry)| > A and MLR{Ty) > Knl^/\\oglf''' for some y E Ajv HZ) 
< exp(-e29/^/^(log/)^/^)Pjv,«,(| Int(ry)| > A for some y e An n Z^^ 



(6.36) Pn,U\ Int(rj^)| > A and A^(rj^) > fs:72/^/^(log /)^/^ for some ?/ G A^v n Z' 
< exp(-e3o/^^^(log/)^/^)Pjv,«;(| l^t{Ty)\ > A for some G Ajv n Z 



2^ 

2\ 



(6.37) Pn,U\ Int(ry)| > A and ALRiTy) > K73l^ {log I for some y e An n Z^^ 

< exp(-e3i/i/3(iog/)2/3)p^^^Q Int(r^)| > A for some y e An n 1?), 

and for £32^4 > r > 15g > K-j^ log A and K^r j'i < d' < \I~A, 

(6.38) Pn,^{\ Int(rj,)| > A,D'(^,,)(rj,) > rf' and 

I Int(rj^)| - I Int(amax,rJ| < esac^'v^ /or some ?/ G Aa? n Z^) 
< exp(-e34(i')PAr,^(| Int(rj^)| > A for some y E An n Z^). 

Proof. We begin with (|6.35| ). The proof of Lemma is valid for Pn,w through (|6.18| ) 



(see Remark |6.4|) , which gives that for c sufficiently large, 

(6.39) Pn,U\ Int(ry)| > A,MLR{ry) > 52c/^/^(log/)^/^ for some ?/ G A^r n Z ) 

< lA^nZ^lexp (^-wiVA- ^CKrP/^ (log ly^^^ . 

If P^^{logiy^^ > logN, we can complete the proof as we did in Lemma |6.6| . Thus 
suppose 

(6.40) /2/3(log/)^/^ < logAT. 

Since A < C2N^, provided we choose €35 small enough the set = {?/ G Ajv n 
Z^ : ?/ is {An, A/2, (1 + €35)^) — compatible} satisfies IJ4I > e36A^^. Let Ey denote 
the event that A < |Int(rj,)| < 2A and AA{dCo{Ty)) < K4^/^{loglf/^. Let Fy 
denote the event that Ty is the unique exterior dual circuit in Aat satisfying both 
A < |Int(r^)| < 2A for some x E Ja and AA{dCo{T^)) < K4l^/^{loglf/^ . From 



Theorem |2.1| , Theorem [4.1| and Remark |6.4| , we have for y E Ja 

1 

4' 



(6.41) PNAEyl |Int(r,)| > A) < 
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Also, from the near-Markov property for open circuits, the FKG property, and The- 
orem provided K is large. 



(6.42) 

PN,w{Fy I Ey) 



= Y,PNAF'y I Ey n [0(r,) = z/])p^.,^(e(^,) = u \ Ey) 

V 

< 2Pn,U\ Int(r^.)l > ^ for some x e Ja^ Ext{u)) PN,U^{Ty) = v \ Ey 



< 2PN,yj{\ Int(r^.)| > A for some x G J a) 
1 

^4- 



SO by Theorem ^?T] and Remark for y G J4, using the {Ki^,A/2, (1 + €35)74)- 
compatibility of 

PnAFv) > ^^^,-(|Int(r,)| >A)> exp{-wiVA-Krel'^^{\ogiy/^). 
Combining these facts we obtain 

(6.43) 2APn^^{\ lnt{ry)\ > A for some y G J a) 

> 2APN,w{^yeJAPy) 

> PN,w{Fy) 

v&Ja 

> eseN'expi-w^VA-K-r.l'/^loglf/'). 

Here the second inequality uses the fact that Fy can occur in each bond configuration 
for at most 2 A sites y G Ja- With (|6.40| ) and ( |6.39| ), provided we take c large enough. 



( |6.43| ) gives 

exp{-f/%loglY/^)PN,U\ Int(ry)| > A for some y E An n Z^) 

> \An n Z^l exp(-wiv^ - 7^77/2/3 (log/) 1/3) 

> Pjv,«,(| Int(r^)| > A, MLRiTy) > 52cf^^{loglY/^ for some y E An f] 1?), 

which completes the proof of ( |6.35|) . 

The proofs of (|6.36|) and (|6.37|) are essentially the same, except that for (|6.36|) , in 



place of (|6.39|) we have the following. From Remark |6.4| and the proof of (|2.14|) of 
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Theorem |2.1| , for some K-j^ and for c sufficiently large: 



55 



(6.44) PN,n,{\ Int(rj,)| > A,^A{dCo{Ty)) > d^^^loglf^^ for some y e An n I?) 
< \An n Z^\exp{-wiVA - KrsCKrf^^loglf/^). 



With ( [^.17|) and ( |6.35D this proves ( [6.361 ). The modification is similar for ( |6.37D . 

For (|6.38|) we must do more, because d' may be much smaller than the order of 
the error term /^/^(logZ)^/^ in Theorem |4.1| . Let a = e^sd'y/A, with 633 still to be 
specified. From Theorem f).7[ Remark ^ and ( |6.43D we have 



(6.45) Pjv,«,(| l^t{Ty)\ > 2 A, D[g^^){Ty) > d' for some y G A^v n Z^) 

< lA^nZ^lexp (^-^d' -u{K,2{log2AY/',2A) 

< exp Pn,w{\ Int(ry)| > A for some y e Aj^nZ^ 



From Proposition |5]^ and Remark |6.4| , similarly to ( |6.18| ) we have 



(6.46) P7v,«, {A < I Int (F^,) | < 2 A, D[^^^^ {Ty) > d! and 

I Int(Fj^)| - I Int(amax,rJ| < a for some y e A^ n I?) 

yeAjvnZ2 A<B<2A n>d' B~a<A'<B k<n 

^ E E EE 

j/eAjvnZ2 A-a<A'<2A A'<B<A'+a n>d' 

{n + l)e-"/2p,v,«;(U.ei3{y,i^58A)M,(0, q, r, A', A', 0, w^VA^)) 

y6AjvnZ2 

■ PN,wiA - a < I lnt(F^.)| < 2 A for some x E B{y, K^gA)) 
< Ksoaid' + l)e-'^'/M2 ^ Pn,^{A -a<\ Int(F,.)| < 2A). 
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Let Fy denote the event that A — a < \ Int(ry)| < 2A and Ty is the unique exterior 
dual circuit in Ajy satisfying | Int(r.y)| >A — a. Similarly to ( |6.42 ) and ( 6.43 ) we have 

(6.47) 5Z ^^.-(^ - " ^ I Int(r,)| < 2A) 

xeAjvnza 

a:eAjvnZ2 

< AAPn,w{,A - a < I Int(r^)| < 2A for some x G A^v n Z^). 
From (|6.36|) we have 

(6.48) Pn,w{\ Int(r^.)l > ^ - a for some x G A^v H Z^) 

<2 ^^,»(|Int(rj|>A-a,A^(r,)<ir72/'/3(log/)i/3)_ 

xeA]vnz2 

But the last event, which says roughly that approximates the appropriate Wulff 
shape, implies that r^, surrounds some (A^r, (A — a)/2, (1 + e24)(A — a))-compatible 
site y. (Take y to be the closest site to in Int(rj.).) Here €24 is from Proposition 
^ Thus provided £33 is small, ( |6.48| ) and Proposition ^]2| give 



(6.49) 

Pn,w{\ Int(r^)| > A - a for some x G Aat n Z^) 

< 2e'2^'33<i' ^ p^^^Q int(rj,)| > A for some y E B{x, VA) n J_A-a) 

xeAjvnz2n(z2)* 

< 27^81^6™'^' ^ P;v,«,(|Int(r,)| > A). 

y<^JA-a 

We can repeat the argument of (|6.41| ) - ( p.43| ) (excluding the last inequality of ( |6.43|) ) 
once more to get 

(6.50) Y P^Al Int(rj,)| >A)< 4v4P/v,«;(| Int(rj^)| > A for some y G A^ n Z^). 

Provided 633 is small, together, (|6.45|) , ( |6.46|) , (|6.47|) , ( |6.49|) and ( |6.5(]| ) prove the 
lemma. □ 

Proof of Theorem \2. Sj . We begin by obtaining an analog of (|5.18|) , by mimicking its 
proof. We omit some details becuase of the similarity. First fix N and let be 
a constant to be specified. Our induction hypothesis is that for every j < k, K^2 < 
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A' < A,d > d' > and enclosure event E, we have 
(6.51) Pr,,UGNij,A,A',d,d') \E) 



< e~-^'^' Pn,w{\ Int(rj^)| = A' for some y E An^Z'^ \ E) 
and 

(6.52) PN,^iGNij,A,A',d,d') I E) < exp (^-^d+ ^jK log 
and 

(6.53) P^,.(Gjv(j, A, A', d, d!) I E) < exp (^-M(K52(logiV)2/3, A) - ^d'^ . 
We need only consider parameters satisfying 

1 



(6.54) d+l> (j + l)K\ogN, d' + l>jK\ogN, d' + 1 > -wWA - A' 

6 



the last inequality following from ( ^.7|) and subadditivity of the square root. For 
j = 0, we need only consider A = A',d' = and ( |6.51| ) is immediate from the 
definitions, while ( |6.52| ) follows easily from the first inequality in ( p.9| ) and the fact 
that E is increasing, and ( |6.53| ) follows from Theorem [5.7| . Hence we may assume 
A; > 1 and fix A, A', d, d', E. 

Let u G G]\f{k, A, A', d, d'). There may be open dual paths a in a; each connecting 
$Ar to another open dual circuit 7 G Cat. Since $Ar is exterior, for each such 7 there 
is a unique bond {xy) with x G ^n.U £ Ext($Ar) which is part of such an a. We 
denote the set of all such bonds by An- Thus |^Ar| < \^n\ — 1- Let 



GN{k, A, A', d, d') = GN{k, A, A\ d, d') n [A 



N 



When this event occurs, the only (i^' log A^)-large open dual circuit in Int(9($Ar)) is 
$Ar. From the above and the bounded energy property we have 

PNAGN{k,A,A',d,d') I E) < \B{AN)\%''PNAGN{k,A,A',d,d') \ E), 



where po is from (p.l|) . Given a circuit v C define the event 

(6.55) F{u,di) =[|Int(ry)| = A',di < diam^(rj^) < di + l,Q{Ty) = v and 

Vy is the only (Klog A^) — large open dual circuit in Int(z/), 
for some y G Int(z/)]. 

Note that F(z/, d\) G QB{hit(v)\jv)- It follows easily from the near-Markov property and 
the first inequality in ( |5.9|) that provided K is large, given Fiv^ d\) fl E with high 
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probability there are no {K log A^)-large open dual circuits outside u; more precisely, 

Pn,v. {Gn{o, A', A, rfi, 0) n [e($^) = u]\En f{u, d,)) > ^. 

Hence as in the proof of Proposition |5.5| , conditioning on 0($Ar) and using the near- 
Markov property and ( 6.52| ) for j = k — 1 gives 

(6.56) PNA^Nik, A, A', d, d!) \ E) 

< \B{AN)\VPNAGN{k,A,A',d,d') I E) 

< Kssp-'^N''' Yl PNAGNik, A, A', d, d') n [e(<l>^) = i^] \ E) 

V 

< 2Ks3p-'N^'' E PnAF{^, d,) I E) 

■ PwAGwik, A, A', d, d') n [e($^) = z/] I E n f(z/, di)) 

< ^K,,p-'N^' E E E 

0<Ai<A-A' u 

P^,^(G'^(0,A',A',cii,0) n [0($^) = v]\E) 

■ PN,w{GN{k - 1, A - A', Ai, d', 4) I E n Open(z/) n[u ^ oo]) 

< 8/r83p-'Ar2'=+6^^P^,^(G'jv(0, A',A',di,0) n [e($jv) = i^]\E) 

■exp (^-lrf' + l(A;-l)inogiV 

< 8ir83p-'^iV2'=+6exp (^-^rf' + ^(fc - l)inogiV 

■ -P/v,«;(| Int(ry)| = A', (i — (i' — 1 < diam^(rj^) 

< c/ — c/' + 1 for some ?/ G AjvHZ^ I E) 

< exp (^-^^'^ ^Jv,«,(| Int(rj^)| = A',d- d' -1 < diam^(rj,) 

< d ~ d' + 1 for some y 

Here the sums include di G {d — d' — l, d — d'} and < ^2 < c/'. Now (|6.56|) establishes 
(|6.51| ) for j = k; we next establish ( |6.52D . We have by (|2.9| ) 

PN,w{d — d' — 1 < diam^(rj,) < d — + 1 for some y G Aa? \ E) 

< lAjvnz^iV^'^-"'-^). 
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Hence provided K is large enough, the right side of the next-to-last inequality in 
(|6.56| ) is bounded by 

exp I — —kKlogN 
^ V 10 20 ^ 

which proves ( |6.52| ) for j = k. Turning to ( |6.53| ), from (|6.52| ), ( |6.53| ) for j = k — 1, 
and Theorem the right side of the fourth inequality in ( |6.56| ) is bounded by 



(6.57) 



■ exp — max 



Wi 



Aci'-l(^-l)KlogiV 

We now have two cases. 

Case 1. A' > |A. From ( |6.54| ) we have 

d' > log N+{K log Nf/'\^wiVA'y^\ 

We can use this, ( ^.52 ) with 9 = l/\/2, ( |6.53 ) with j = k — 1, and the fact that the 
maximum exceeds any convex combination to conclude that, provided K is sufficiently 
large, (|6.57|) is bounded above by 

(6.58) 8K84P~''N^''^''exp(^-wiVA -^w^^/A^ - -^d' + K52{logNf/^ 

+ ^K,,{logNf/'{A - A'y/' + ^{k - l)KlogN^ 

< exp(^-u{K,2{logNf/^ A) - ^d'^ . 

Case 2. A' < ^A. In this case it is easily checked that we must have k > 2 and 
d + 1 > 3wi^y A/3 for G^ik, A, A', d, d') to be nonempty. But then 

—d-—kKlogN > -(d+1) > wi\^+—d', 
10 20 & - ^ ; - 1 ^ 20 ' 

so ( |6.53| ) follows from ( |6.52| ). 
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The proof of ( |6.53|) for j = k is now complete. Summing ( |6.53|) as in ( |5.60| ), 



(6.59) Pm,U I I^t(7)l > > d') 

7e£iv 

^ E E EE E^^.-(^^(^'^'^''^'^)) 

A<B<\An\ d<diamT(Ajv) d'<n<d A'<B k<n 

< Ks,N' Yl E^^P (-^n-u{K,,{logNf/\B)] 

B>A n>d' ^ ^ 

exp (^-^d' - ii;iv^ + K86(logiV)2/3/V3^ . 



< 



If KgY and /^y are large enough, then ( |b.5!j| ), Theorem |4.1| and Remark ^ show that 



(6.60) 



and 



PjV,«, ( Yl I > ^'^^ > i^87/'/'(logiV)2/M 

\7e£jv / 

< exp (^-^Ksjl'/HlogNf/^^ Pn,U\ Int(ro)| > A) 

Pm,u, ( Y I ^ 2^ ) ^ e-^^^'P^,^(| Int(ro)| > A). 



Therefore 



(6.61; 



Pn,^ ( Y lin^WI > A|c:jv| > i) 

< P7V,«, [ Y ^ ^'^^ ^ iriogiV 
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+ Pn,^ i |Int(7)| >2a] 
\7ee:iv / 

+ Pn,..(a< J2 \ lnt{^)\ <2A,K\ogN <T'^ < Ksjl'^^hgNfA 
\ 7e£iv / 

< 2exp f-l-Ksjl'/H^ogN)'/'\ P^,^ [ I Int(7)l > A 

+ P7v,«,(v4< ^ |Int(7)| <2Ai^logiV<T^<ir87/V3(iog^)2/3 j 
\ 7eCjv / 



To prove ( p.l9| ), then, we need to bound the last probabihty in ( |6.61D . We will sum as 



in ( |639| ), but this time using ( |631 instead of §1^). Let a = 72w^'^Kl^f/^{\ogiy/^. 



By ( |6.54[ ), we need only consider 

A' >B- 36w^^{d' + lf>B-a. 

Therefore using ( |6.52|) , 
(6.62) 

PN,y. (a<J2 |I^t(7)l < 2A,KhgN <r^< Ks7l'/%\ogNy/A 

\ 7G£jv / 

< E E E E E^A-(^^(^'^'^''^'^')) 

A<B<2A B-a<A'<B d<diamr(Aiv) d'>/s:iogAr k<d' 

SEE E 

A'>yl-a A'<B<A'+a d'>K log N 

AKrN{d' + l)e~i'^'P^,^(| Int(rj,)| = A' for some y G Aiv n Z^) 

< e-^^^°s^P^,^(| Int(ry)| > A - a for some y G A^v H Z^). 
By Lemma |6.7| and ( |2.17| ) , 



(6.63) P/v,^(| Int(rj,)| > A - a for some y G A^v H Z^) 
<2P;v,«,(|Int(rj,)| > A-a, 

AA_„(r,) < K^^f''\\oglf''' for some y G Ajv n Z^). 
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With ( |6.62|) and Proposition ^]2] (taking 6 = K^^^ogA) this shows that, if K is 
sufficiently large, 



(6.64) PmA^ < < ^AKlogN <T^< Ksjl'^H^ogNf/'') 

< 2e-^^^°§^P;v,^(| Int(ry)| > A - a for some 

(An, {A - a)/2, (1 + 624) (A - a)) - compatible y') 

< 2e-|^i°g^+-^^ ^ P;v,«,(|Int(r,OI>A) 

i/'eAjvnz2 



P,v,» ( J2 |Int(7)| . 



With {^^) this proves (|2l9|) . Then (|J|) and Lemma ^ prove (g:20|)-(g:22|). 
It remains to estabhsh (|2.23|) . Let ess > to be specified, let uq = min{n 



2"-K^r/3 > e^sVA}, and let 6„ = e26^2^"(/t^r/3)^. Then provided ess is small enough, 
we have 



bn < e3s2" ^^^/A for all n < no. 



with ess from Lemma |6.7] . We have 
(6.65) 

P/v^^d Int(ry)| > A and Ty is not (g, r) — bottleneck-free for some y E H Z 
< Pjv,«,(| Int(r^)| > A and /^'(g,,)(rj,) > ^ for some y G n Z^) 



2\ 



< Pjv,«,(| Int(rj,)| > A and P'(,,,)(rj,) > essVA for some y e An n Z") 

no 

+ 5^p^,^(| int(r,)| > A2"-^^ < /^'(,,.)(r,) < 2"^, 

I Int(ry)| - I Int(amax,rJ| < K for some y e A^nZ" 



n=l 
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< \An n Z^l exp (^-lessv^ - M(ir52(log A)^/^ A)^ 

no 

+ ^exp (-6342""'^) PnA\ Int(rj,)| > A for some y e An n 1?) 

n=l 

< exp (^-l-e^sVA^ PnA\ l<^o)\ > A) 

+ Kss exp \~^34-^j Pn,w{\ Int(rj^)| > A for some y e An f] Z^), 

< K89exp{-e39r)PN,w ' ^^^Wl > ^ ) • 

\7ee:jv / 

Here the second inequality uses Lemma |6.3| , the third inequahty uses Theorem 
and Lemma |6.7| , and the fourth inequahty foUows from Theorem [4 .11 . With ( |2.19| ) 
this proves (^]2|). □ 



Proof of Theorem \2.1\ , ( ^-ISj ) and i\2.16{ ). For ( p.l5| ) we need only observe that Lemma 



is valid for P in place of Pn,w and only y = considered. After these same changes, 
(|2.16| ) follows from (|6.65|) with the last inequality omitted. □ 



7. Conditioning on the Exact Area 

In Theorems |2.1| — 12.3| , one could as well consider conditioning on | Int(ro)| = A in 
place of I Int(ro)| > A. It is straightforward to alter the existing proof to prove these 



theorems under this conditioning once one has a lower bound like Theorem |4.1| for 
P{\ Int(ro)| = A). For this we need first some definitions and lemmas. In the interest 
of space we will not give full details in the proofs; these details involve many of the 
same technicalities we have encountered earlier. Consider distinct points x, y G 
with \y — x\ > 4a/2. We let U{x,y) denote the open slab between the tangent line 
to dBT.{x,T{y — x)) at y and the parallel line through x; we call U{x,y) the natural 
slab of X and y. (Note the tangent line is not necessarily unique; if it is not we make 
some arbitrary choice.) We have U{x,y) = U{y,x). It follows from the definition of 
U{x,y) that if u and v are on opposite sides of U{x,y), then 

(7.1) t{v — u) > T{y — x). 

The portion of U{x, y) which is strictly to the right of the line from x toy is called the 
natural half-slab of x and y and denoted Uji{x,y). For x,y E U{u,v) we let Uuv{x,y) 
denote the open slab with sides parallel to those of U{u, v) with x in one edge of 
(Juv{x, y) and y in the other edge. We let iJ!^^{x, y) = Uuv{x, y) n Ur{u, v). 



64 



KENNETH S. ALEXANDER 



One or two of the dual sites adjacent to x are in U{x,y)] we let x' denote such a 
site, making an arbitrary choice if there are two. We define y' analogously as a dual 
site in U{x,y) adjacent to y. 

By a face of the dual lattice we mean a square z + with z ^ T? . Let 

V[x^ y) denote the interior of the union of all faces of the dual lattice whose interiors 
are contained in Uxy{x',y'), and let T^{x,y) and Ty{x,y) denote the components 
of V{x,yY containing x and y, respectively. (These components are distinct since 
\x-y\> 4V2.) Then V{x, y) C U:,y{x' , y') C U{x, y). 

The following lemma says roughly that typical open dual paths from x to y are 
connected to the boundary of the natural slab only near x and y. 



Lemma 7.1. Let P be a percolation model on B{7?) satisfying '/[). There exist 



constants Kqq, Kqi, €49 as follows. For all x,y E (Z^)* and J > Kqq log \x — y\ 

P{x z for some z G dV{x, y)\{x + Aj) \ x ^ y) < Kgie~'''^°'^ . 

Proof. As mentioned above, we omit some details. Suppose x ^ y and x ^ z 
for some z G dTx{x,y)\{x + Aj), via open dual paths. If Kq2 is large, one can 
trivially dispose of the case in which x B{x, Kg2\y — x\Y, so we hence forth tacitly 
consider only connections occuring inside B{x, Kg2\y — x\)] in particular this means 
\z—x\ < Kg2\y—x\. There are then two cases: either there is an (€41 J)-near connection 
from X to y in B{z, J/lOy, or there is not; here €41 is to be specified. In the first 
case, there is also an open dual path from z to d{B{z, J/20) fl (Z^)*), so we can apply 
( 2.101 ) and Lemmas 3A and |6.5| (assuming Kgo is large) to obtain 



(7.2) P{N{x, y, £41 J, B{z, J/10)^) n ^ d{B{z, J/20) n (Z^)*)]) 

<Kg^e-''''P{x^y), 

provided 641 is chosen small enough and Kgo large enough. In the second case, there 
exists dual sites v, w just outside B{z, J/10) and open dual paths x ^ v and w y 
occuring at separation €41 J. It follows easily from ( [7. 1|) and the fact that z is close 
to dU{x, y) that 

r{y -w) > r{y - x) - ^k^J. 

Also, since |z — x| > J, 

(7.3) r(f — x) > t{z — x) — IhtJ > ^^rJ. 
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Therefore by Lemma ^]2| and (|2.10| ) , 

(7.4) P{N{x, y, 641 J, B{z, J/lOyT ri[x^y]n[x^ z]) 

< 2P{x ^ v)P{w ^ y) 



<K,ee-''''P{x^y). 
Now ( |7.2|) and ( |7.4|) , summed over z with |2; — x| < Kg2\y — x\, prove the lemma. □ 



For dual sites x and y, we say that x y cylindrically if there is an open dual path 
7 from X to y in U{x, y) and every open dual path from 7 to U{x, yY passes through 
X or y. 

For V a subgraph of the dual lattice (or just a set of dual bonds, which we may 
view as such a subgraph), and A C M^, we define the bond boundary of V in A to be 
the set of bonds contained in A having exactly one endpoint in V. (As always, we 
view bonds as open intervals contained in the plane.) 

Lemma 7.2. Let P be a percolation model on B{7?) satisfying (2/7). There exist 
constants Kgj,ei4 as follows. For all x,y & (^^)*, 

P{x ^ y cylindrically) > 644 |y — x\~^^'' P{x y). 

Proof. Fix X, y and let J = Kqq log \y — x\, with Kqq from Lemma fTTI. Let Jlx{x, y) de- 
note the bond boundary of dT^^x, y)nB{x+Aj) in M^, and define J'y{x, y) analogously. 
For e e Jx{x, y) let A^. denote the event that all dual bonds in B{dTx{x, y) fl (x + Aj)) 
are open, e and {xx') are open and all other bonds in J'x{x,y) are closed; define Ae 
analogously for e G J^y{x, y). Define the event 

B = [x z ioi some z G dV{x, y)\{x + Aj)] 



(cf. Lemma 7J..) Given a configuration c<j G [x ^ fl i?'^, there necessarily exists an 
open dual path from dTx{x,y) fl (x + Aj) to dTy{x,y) H {y + Aj) in V{x,y) which 
contains only one bond in Jx{x,y) and one bond in Jy(x,y)] we denote these two 
bonds by bxy{x, uj) and bxy{y, lv), respectively, making an arbitrary choice if more than 
one choice is possible. If the configuration u is in [x ^ y]nB'^n[bxy{x) = e] fl [bxy{y) = 
f] for some e, /, then we can modify at most 16 J bonds (those in dTx fl B{dTx{x, y) fl 
(x + Aj))) to obtain a configuration in AgflAj; in the resulting configuration we have 
X ^ y cylindrically. Therefore from the bounded energy property we have 

P{x ^ y cylindrically | [x fl B"") > e'^^^"^ 

This and Lemma |7.1| prove the lemma. □ 
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It is easy to check that Lemmas |7.1| and |7.2| are vahd if we restrict to connections 
in the half space Hxy More precisely, under the assumptions of Lemma |7.2| we have 

(7.5) P{x ^ y cylindrically in Uji{x, y)) > e^^ly — x\~^'-''^ P{x ^ y). 

Additionally, we can extend the idea of cylindrical connections as follows: for u^v (zM? 
and X, y dual sites in [/(u, f ), we say that x ^ y {u, v)- cylindrically if there is an open 
dual path from x to ?/ in Uuv{x, y) and the dual cluster of x and y intersects dUuv{x, y) 
only at x and y. Provided x,y E Ur{u, v), the proof of Lemma ^]2| shows that 

(7.6) P{x ^ y (m, t')-cylindrically in f/^(x, y)) > eu\y — x\~^^''P{x ^ y in Hxy). 

Theorem 7.3. Let P be a percolation model on B{1?) satisfying ( \2. 7{ ), the near- 
Markov property for open circuits, positivity of r and the ratio weak mixing property. 
There exist Ki such that for A > Kgg and I = ^/A, 

P(|Int(ro)| = A) >exp(-ti;iv^-irioo/'/'(log/)'/='). 



Proof. Fix A large and let / = v A. Let ai denote the vertical coordinate of the point 
where dICi meets the positive vertical axis. Let s = /2/3(iog/)V3 and 6 = K^os^/l, 



with i^3o as in the proof of Theorem Let a = d{l + 5)/Ci and let (zg, ..,z'^,Zq] 



be the s-hull skeleton of a. It is an easy exercise in geometry to see that the natural 
half-slabs Ur{zI, zl_^^),i = 0,..,n, are disjoint. (Our labeling as usual is cychcal: 
2:^+1 = z'(^.) For some i^ioi to be specified, let us call a pair {z^, z'^^i) from the 
skeleton very short if {z'^^i — z'^l < 2\/2, short if 2\/2 < \z[j^i — z[\ < 2i^'ioilog/ and 
long if \z'-_^-^ ~ > 2/^101 log/. In what follows, very short pairs can be handled 
quite trivially but tediously, so for convenience we will assume there are no very short 
pairs. For long pairs we define x'j and y'^^i to be the points on the line segment zlz^_^_-^ 
at distance Kiqi log / from and from z^_^^^, respectively, and let Xi,yi+i be dual sites 
in Ur{z^, z'^^^) within distance of x[ and y'i^i, respectively. For short pairs we let 
Xi = yi+i be a dual site in Ur{z[,z[j^^) within distance \/2 of the midpoint of z[z[j^^. 
With minor modification of the definition of the s-huU skeleton, we may assume the 
set {zq, .., z'^} has lattice symmetry, that is, for each z[ the reflection of z[ across the 
horizontal or vertical axis is another z^-, and analogously for the sites Xi and yi. For 
each i we let 0j denote a dual lattice path of minimal length from yi to Xi outside 
Co{{z'q., .., z'j^})UUz',__^z'-{xi-i, yi)^Uz'^zi_^^{xi, yi+i). We call such a 0j a short link. Let 
denote the bond boundary of 0i in {Co{{zq, .., z[,})Uf72/_^2^(xi_i, ?/i)Ut/^^^^^^ (xj, yi+i)Y- 
Let Xa be the vertical line through (a, 0). Let Hl{x) and Hr{x) denote the open 
half planes to the left and right, respectively, of the vertical line through x. Let 
Hu{x) and Hb{x) denote the open half planes above and below the horizontal line 
through X, respectively. (In general we use the convention that subscripts L, R, U, B 
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refer to left, right, upper and lower half spaces, respectively, with combinations, such 
as LU, referring to quadrants.) Let S{x, y) denote the open slab between the vertical 
lines through x and y. Let be the integer part of ai//2, M the integer part of 
;2/3QQg/^i/3 g^j^^ £) integer part of /^/^(log/)^/''^. Let 

u'jiij = Hr{o) n Hu{0) nan A^+i , v'j^^ = Hr{o) n Hu{o) nan Xm+d+i, 
w'jyj = Hr{o) n Hu{0) nan A^v+i , x'ru = Hr{o) n Hu{o) nan Xj^+d+^- 

(Note each of these intersections is a single point.) We call these 4 points determining 
points. Lattice symmetry yields corresponding determining points with appropriate 
subscripts in the other three quadrants. We may assume that Urjj is one of the sites 
z'j^ of the s-huU skeleton of a (if not, we add u'rjj to the skeleton), and analogously 
for the other sites just defined. Let uru be the second closest dual site above u'r^ 
in Xm+^j analogously for vru,wru, xru. If Ur^ = z\, for some i, we define Zi 
to be urxj^ and again analogously for the other determining points. Loosely, the 
idea is to remove from Fq its intersection with each of the width-D vertical slabs 
S{xlu, wlu), S{vlu, ulu), S{uru, vru), S{wru, Xru), then raise or lower the segments 
of Fq between these slabs to adjust the desired, then reconnect these segments 

to make a new circuit enclosing area A. To do this we must first ensure that Fq 
intersects each vertical line bounding any of these four slabs only twice. 

We refer to the 4 width-i? vertical slabs above as removal slabs. We call the 
5 regions Hl{xlu), S{wlu,vlu), S{ulu,uru), S{vru,wru), Hr{xru) (whose closures 
together form the complement of the 4 removal slabs) retention regions. By a retained 
segment we mean a connected component of the intersection of a with a retention 
region. Each retained segment has the form q;^^^'^*^ for some j, k; we call Zj an initial 
determining point and a final determining point, and call {j, k) a retention pair. 
We let J^^* denote the set of all 8 retention pairs. For each initial determining point 
Zp in the boundary of some retained region F, we let ipj be a dual lattice path from 

Zj to Xj in F\Uz'.z'.^^{xj,yj+i), of minimal length, and let T>j be the bond boundary 
of ipj in F\Uz'.z'-^-^{xj,yj+i)}- For each final determining point z'f^ we let ipk be a dual 
lattice path from yk to Zk in F\Uz'^ ^z'^{xk-i,yk), of minimal length, and define Vk 
analogously to T>j. We refer to and il)k as the endpaths of the retention pair {j, k). 

For each retention pair {j,k) let Ijk = {i : z[,z\j^-^^ e cc^^j'^*^^} and let Qjk denote 
the event that (i) for each i e 7,^ U {j}, we have Xi yj+i {z[, 2;^_,.^)-cylindrically in 
U^z'. Jy^i-iVi+'d-i (ii) QSt^ch. i e Ijk we have 0j open and all bonds in Cj closed, and 
(iii) both endpaths of (j, k) arc open and all bonds in T>j U arc closed. These 3 
component events are denoted Q{i){j, k), Q[u){j, k) and Q[iii){j, k). For a configuration 
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in Qjk, the paths Xi ^ together with the short hnks 0j and the two endpaths 
form an open dual path from zj to Zk outside Co{{zq, ..,z'^}), and there is no open 
dual connection from this path to any point of the retention region boundary except 
Zj and Zk . By Lemma |3.1| , (|7.6|) and Theorem [4.2| , provided -ft'ioi is large we have 

(7.7) P(Q(.)(j, fc)) 

y ^y^jfcl J-j- p(^^. ^ y,^^ (^^/^ ^/^^^) _ cylindrically in f/|^,^^(xi, yt+i)) 

«6/jfcU{i} 



> (^)' ' ' exp I - T{yi+i - Xi) 



> exp ( - ^ T{zi+i - Zi) - KiQ2\Ijk\ log/ 

\ iG/jfcU{j} 

From the bounded energy property, 

P{Q(ii){h k) n Q(iii){j, k) I Q(i)(j, A;)) > exp (-7^103 1 /jfc I log/) 
which with (|7.71 ) yields 




(7.8) P{Qjk) > exp - r{zi+i - Zi) - KiQ4\Ijk\ log/ 



For a configuration ci; G Qjfc) ^'^^ for F the retention region with z'^^z'^ G we 
can associate an area Rjkijjj) as follows. There is a unique outermost open dual path 
Sjfc(ci;) from Zj to Zk in F. If F is a halfspace {Hl{xlu) or Hr{xru))i then Rjk{uj) 
is the area of the region between Sjfc(co') and If F is a slab and Zj, z'k G Hu{0), 
then Rjk{uj) is the area of the region in F fl Hu{0) below Sjfc(a;). If F is a slab and 
Zj,z'f, G Hb{0), then Rjkiuj) is the area of the region in F fl Hb{0) above Ejk^uj). 

We define corresponding nonrandom areas i?^^ similarly but using a'-^j^'^^ in place of 
Ejkiuj). Then -Rjfc(cc;) > -R°fc. 

It is not hard to see that for some i^ios we have 

(7.9) P{Rjk > R% + ifio5/^/^(log /)'/^ for some 

retention pair {j,k) \ n(j-fc)6jret Qjk) < ^. 

In fact, if this were false we could obtain extra area i^io5/^^^(log/)^/^ almost "for free" 
in Theorem |4.1| ; more precisely, one could replace A with y4 + i^'io5/^/^(log/)^/^ on the 



left side in the conclusion of that theorem. But, assuming ^^105 is large, this would 
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contradict Theorem \5.1\ . It follows from (|7.9|) that for each retention pair [zpz'j.) 
there exists ajk G [R^^R'-k + Kio^l'^/^iloglf/^) such that 

(7.10) P (n(j,fc)gjret[/2j,fc = ajk] I n(j,/c)gjret Q j 

Let 

Ri = 

where the sum is over the 8 retention pairs. 

We call {k,j) a removal pair if a^^^'^i-* is a connected component of the intersection 
of a with some removal slab. Let J^'^"^ denote the set of all 8 removal pairs. For each 
removal pair {k,j) and corresponding removal slab F, let Xkj be a dual path from 
Zk to Zj in F\ Co({2;q, .., z'^}), and let Gkj denote the event that all bonds in Xkj are 
open, while all bonds in the bond boundary of Xkj in (V'j ^ i'kY are closed. We call 
Xkj a long link. There are 2 long links in each removal slab, one each in the upper 
and lower half planes. Let R2 be the total area in the 4 removal slabs, between the 
upper and lower long link in each slab. Assuming the long links are chosen to have 
length of order D (say, at most 4D), we have from the bounded energy property that 

(7.11) -P(n(fcj)eJ'-<='" Gz'^^zr I (n(j,fc)ej'-et Qjk) fl {r{(^j^k)eJ^''^:[Rjk = ctj-fc])) 
Define the event 

^ ~ ('~'(i,fc)e^''^* Qjk) ^ (l~'(j,fc)gj'-et[i?jfc = ajk]) fl (n(fcj)gjrem G kj) ■ 

For a configuration u & E, there is an open dual circuit surrounding Co{{zq, ..,-2^}) 
satsifying the constraint that it include all of the short links (pi, long links Xkj and 
endpaths ipj- There is a unique outermost such circuit subject to this constraint, 
obtained by taking the outermost (z^, 2;j'_,_^)-cylindrical connection from Xj to 
for each i; we denote this circuit ri{uj). Because of the cylindrical nature of these 
connections and the closed state of the bond boundaries of the short and long links, 
we have ri(ci;) = ro(co'), unless Tq{uj) and ri(ti;) are disjoint with ro(co') surrounding 
Ti{uj) and no open dual path connecting Tq^uj) to ri(ti;). It therefore follows from 
the near-Markov property that 

P{To ^T,\E)< e-^«' < i. 
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By _ 

{i,fc)eJ''=' 

Using these facts with ( [TTTOD , ( fmiD , Lemma |3l|, (^) and (|]lD (which is still valid 
here), we obtain 

(7.12) P(|ro| =i?i + i?2) 

>p(En[ro = ri]) 

> IPiE) 

>i(irio5/^/^(log/)^/=^)-«e-^-'^^^(i°s')^^V(n(,,,)e,/- Q,k) 

> ,-x.wV3(,,go^/3 j-j ^^^^^^ 



> exp - 5^ r (2:^+1 - z,) - K^ul'^^loglf 



^2/3 

> exp (^-WiVI- irn2^^/^(log/)2/^' 

Let 6uj be the upward shift of a configuration by 1 unit, and for an event G 
let 6"^G = {uj : 6~"^uj G G}. Let be the set consisting of the 3 retention pairs 
corresponding to segments of a in the lower half plane. Given a constant -R'na, for 
m < ii'ii3/^/^(log/)^/^ we can replace Qjk with 9^Qjk for all (j, k) G J^^*^* throughout 
the argument leading to ( [7.12| ) at the expense of only a possible increase in Km, 
provided we alter the 4 long links Xkj in the outer 2 removal slabs to connect to the 
appropriate shifted sites Zi + (0,m) instead of to Zi. (The possible increase in Km 
reflects a possible reduction in the probabilities of the events Gkj, resulting in an 
increase of Kioj in (|7.11 ).) We can readily keep the area R2 fixed when we so alter 



the long links. We thereby obtain 

P(|ro| =Ri + R2- {2N + l)m) > exp{-wiVA - Kml^'\\oglf'^). 

Provided Ku^ is large, we can choose m G Z so that 

\Ri + R2- {2N + l)m - A\<N. 

We can then repeat this entire argument, but shift upward (by some amount q < 
i^'ii3/^/^(log/)^''^) only the event Qjk for the central of the 3 retention pairs in J^*^*. 
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This gives 
(7.13) 

P(|ro| =R, + R2~ {2N + l)m - (2M + l)q) > exp{-wiVA - Kii^l^'\\oglf/^). 

We can choose k so that 

\Ri + R2 - {2N + l)m - {2M + l)q - A\ <M < /^/^(log O^^l 

But it is easy to see that one can alter the long links to change R2 by any amount up 
to /2/3(iog/)V3^ so that 

R1 + R2- {2N + l)m - (2M + l)q = A, 

at the expense of only a possible increase to Ku^ in ( |7.13| ). With ( |7.13| ) this completes 
the proof. □ 

Now that we can use Theorem O in place of Theorem [4.1| , all proofs leading to 
Theorems |2.1| — ^]3| remain valid under conditioning on | Int(ro)| = A in place of 
I Int(ro)| > A. This establishes the following results. 



Theorem 7.4. Under the assumptions in Theorem \2.1\ or Theorem \2.3i , under the 
measure P{- \ |Int(ro)| = A) the conclusions j ^-ldj ) - ^2.1dJ hold with probability 
approaching 1 as A ^ 00. 

Theorem 7.5. Under the assumptions in Theorem ^.dj , under the measures Pn,w{- \ 
'^■ye<tN I ■'■^^(ro)l = A) the conclusions ( ^-ISj ) - 23^) hold with probability approach- 
ing 1 as A ^ 00. 
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